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ABSTRACT 

 

THREE DIMENSIONAL FINITE DIFFERENCE TIME DOMAIN 

SIMULATIONS ON HARMONIC MOTION MICROWAVE DOPPLER 

IMAGING METHOD USING REALISTIC TISSUE MODELS 

 

Tatar, Fikret 

Master of Science, Electrical and Electronics Engineering 

Supervisor: Prof. Dr. Nevzat Güneri Gençer 

Co-Supervisor: Dr. Can Barış Top 

 

September 2019, 96 pages 

 

Imaging of electromagnetic and elastic properties of the breast tissue can be used to 

identify cancerous regions in the dense fibro glandular breast tissue at the early 

stage. Numerical simulations are useful in predicting the performance of the imaging 

method. In Harmonic Motion Microwave Doppler Imaging Method (HMMDI), 

tissue is vibrated locally, microwave signals illuminate the tissue and the back 

scattered Doppler signal component is used to form images. In this thesis, forward 

problem of HMMDI method is solved with various numerical tissue models using 

the 3-D (Three dimensional) Finite Difference Time Domain (FDTD) method. In the 

forward problem solution, mechanical and electromagnetic problems are examined 

separately. In the mechanical problem, the acoustic radiation force of amplitude 

modulated focused ultrasound waves is used to produce local vibrations inside the 

tissue. According to mechanical simulation results, displacement values in tumor 

region are smaller compared to the breast tissue region as expected and increasing 

frequency decreases the displacement values. In electromagnetic problem, 

transmitter antenna sends a monochromatic signal during focused ultrasound 

excitation, and a receiver antenna is used to receive the amplitude and phase 

modulated reflected signal. 
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In the forward problem calculations, computation speed is an important issue since a 

large number of iterations (>1000) is needed in the FDTD solution. In this thesis, the 

forward problem is solved with parallel programming in Matlab. 19 times 

acceleration is achieved when GPU is employed compared to CPU case. 

Using the developed simulation tools, the received HMMDI signal is analyzed using 

three types of breast tissue models. Firstly, tumor inside a homogenous breast tissue 

problem is solved. The received Doppler signal amplitude increases in the tumor 

region in this case. In the second type, a tumor is located inside the fibro glandular 

tissue. Tumor and fibro glandular tissue have the same electrical properties but their 

mechanical properties are different. The received Doppler amplitude decreases in 

tumor region, since tumor is stiffer. In the third case, a tumor in realistic breast tissue 

model is tested. Simulations are run with and without the tumor in the breast tissue. 

The results show that the Doppler signal levels change in the tumor region by 0.5 to 

2 dB, compared to the case without the tumor. The difference in the Doppler signal 

amplitude increase with decreasing mechanical vibration frequency. In conclusion, 

the tumor is detectable in all cases.   
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ÖZ 

 

HARMONİK HAREKETLİ MİKRODALGA DOPPLER GÖRÜNTÜLEME 

METODU ÜZERİNDE REALİSTİK DOKU MODELLERİ KULLANILARAK 

YAPILAN ÜÇ BOYUTLU ZAMANDA SONLU FARKLAR METODU 

SİMÜLASYONLARI 

 

Tatar, Fikret 

Yüksek Lisans, Elektrik ve Elektronik Mühendisliği 

Tez Danışmanı: Prof. Dr. Nevzat Güneri Gençer 

Ortak Tez Danışmanı: Dr. Can Barış Top 

 

Eylül 2019, 96 sayfa 

 

Meme dokusunun elektromanyetik ve elastik özelliklerinin görüntülenmesi, erken 

evrede yoğun fibro glandüler meme dokusunda kanserli bölgeleri tanımlamak için 

kullanılabilir. Sayısal simülasyonlar görüntüleme yönteminin performansını 

öngörmede faydalıdır. Harmonik Hareketli Mikrodalga Doppler Görüntüleme 

Metodu’nda (HMMDI) doku lokal olarak titreştirilir, mikrodalga sinyalleri dokuyu 

aydınlatır ve geri dağılmış Doppler sinyal bileşeni görüntüleri oluşturmak için 

kullanılır. Bu tezde HMMDI yönteminin ileri problemi, 3-D (Üç boyutlu) Zamanda 

Sonlu Farklar Metodu (FDTD) kullanılarak çeşitli sayısal doku modelleriyle 

çözülmüştür. İleri problem çözümünde mekanik ve elektromanyetik problemler ayrı 

ayrı incelenmiştir. Mekanik problemde, genlik modülasyonlu odaklanmış ultrason 

dalgalarının akustik radyasyon kuvveti doku içinde yerel titreşimler üretmek için 

kullanılır. Mekanik simülasyon sonuçlarına göre tümör bölgesindeki yer değiştirme 

değerleri beklenildiği gibi göğüs dokusu bölgesine göre daha küçüktür ve artan 

frekansın yer değiştirme değerlerini azalttığı gözlemlenmiştir. Elektromanyetik 

problemde, odaklanmış  ultrason uyarımı sırasında verici anteni  monokromatik bir 
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sinyal gönderir ve genlik ve faz modülasyonlu yansıyan sinyali almak için bir alıcı 

anten kullanılır. 

İleri problem hesaplamalarında, FDTD çözümünde çok sayıda tekrarlamaya (>1000) 

ihtiyaç duyulduğundan hesaplama hızı önemli bir konudur. Bu tezde ileri problem 

Matlab’da paralel programlama yöntemleri ile çözülmüştür. CPU kullanımına 

kıyasla GPU kullanıldığında 19 kat hızlanma elde edilmiştir. 

Geliştirilen simülasyon araçlarını kullanarak alınan HMMDI sinyali üç tip meme 

dokusu modeli üzerinde analiz edildi. İlk olarak, homojen bir meme dokusundaki 

tümör problemi çözüldü. Alınan Doppler sinyal genliği bu durumda tümör 

bölgesinde artmıştır. İkinci doku tipi örneğinde fibro glandüler içindeki tümör tespit 

edilmeye çalışılmıştır. Tümör ve fibro glandüler doku aynı elektriksel özelliklere 

sahiptir ancak mekanik özellikleri farklıdır.Tümör bölgesi daha sert olduğu için 

alınan Doppler genliği bu bölgede azalır. Üçüncü durumda gerçekçi meme dokusu 

modelinde tümör tespit edilmeye çalışılmıştır. Simülasyonlar meme dokusunda 

tümör varken ve yokken tekrarlanmıştır. Sonuçlar Doppler sinyal seviyelerinin 

tümör bölgesinde tümörsüz duruma göre 0.5 ile 2 dB değiştiğini göstermektedir. 

Doppler sinyal genliğindeki fark mekanik titreşim frekansı azaldığında artmıştır. 

Sonuç olarak tüm durumlarda tümör tespit edilmiştir.  

 

 

Anahtar Kelimeler: Mikrodalga Görüntüleme, Zamanda Sonlu Farklar Metodu, 

Paralel Programlama, Göğüs Kanseri 
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CHAPTER 1  

 

1. INTRODUCTION 

 

1.1. Harmonic Motion Microwave Doppler Imaging Method 

According to the research conducted in 2018, breast cancer is the second common 

cancer type after the lung cancer in the world [1]. Because of this reason, a large 

number of research studies are made for early diagnosis of breast cancer. 

Mammography is the first common diagnostic method applied to detect breast 

cancer. Mammography is a method that uses low-dose x-rays to screen the breast, 

however, this method has some disadvantages because of the tissues in the breast 

structure. Generally, breast has three kinds of tissue. These are fat, glandular 

(Lobules, duct) and connective tissues which are shown in Figure 1.1. 

 

Figure 1.1. Side view of breast [2]. 
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The difficulty for mammography is that the amount of the glandular tissue can vary 

for different people. When a tumor exists in the glandular tissues or lobules, it is 

difficult to distinguish it from the healthy tissue since tumor has low adipose content 

as lobules and ducts. In addition, some women with sensitive breasts may feel 

discomfort while mammogram device squeezes the breast. Although mammogram 

uses low-dose x-ray, it is not applied to pregnant women [3]. 

An alternative technique that is proposed to detect breast tumor is microwave 

imaging technique [4]. In the microwave imaging technique, a transmitter antenna 

transmits electromagnetic signals to the breast, then the reflected signals are 

collected by the receiver antennas. Reflected data contains information about 

electrical properties of the medium (permittivity, permeability, conductivity etc.) 

which identifies the materials inside [5]. This method may not exactly applicable for 

breast tumor detection because the electrical properties of tumor and fibro glandular 

is similar to each other [6]. 

Another alternative method for detecting tumor in the breast tissue is to apply remote 

palpation methods [7]. In these methods, tumor existence is decided by using 

mechanical properties of the tissues. Focused ultrasound which causes various 

displacements in the breast tissues is applied.  Displacement maps are inversely 

proportional to the stiffness of the material. Stiffer region of tissue has less 

displacement than the whole region [8]. The Young’s Modulus is the elasticity 

parameter determining the stiffness of the tissue. According to studies, the Young’s 

modulus of tumor cells is 3-13 times bigger than the normal breast cells’, so this 

method is a way to get information about the tumor, since it is stiffer than the fibro 

glandular tissue [9]. 

Harmonic Motion Microwave Doppler Imaging (HMMDI) method offers a 

combined approach that aims to use electrical and elastic properties of tissue for 

diagnosis [10]. In this method, the electromagnetic signal is transmitted to the tissue 

and the scattered signal is detected as in the microwave imaging method. At the 
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same time, focused ultrasound is used and a local vibration is induced on the tissue 

as in the remote palpation method. This vibration changes phase and amplitude of 

the back scattered signal. Tissue types can be distinguished according to phase and 

amplitude differences between the transmitted and received signals. Since both 

electrical and elastic parameters are involved in this method, displacement amount 

and dielectric properties can change the received signal characteristics [10]. 

Forward problem of the HMMDI method consists of these steps: Electromagnetic 

signal is sent via transmitter port and vibration is induced using focused ultrasound 

inside the tissue, finally the scattered signal is obtained from the receiver port and 

the data is analyzed. This thesis aims to develop improved numerical methods to 

efficiently solve the forward problem of the HMMDI method.  

 

1.2. Numerical Solutions of the Forward Problem 

Electromagnetic and mechanical problems are solved with numerical methods for 

the HMMDI forward problem. Three dimensional Finite Difference Time Domain 

(3-D FDTD) technique is used to get the electromagnetic solution of the forward 

problem. All experimental domain is simulated in the Matlab environment. 3-D 

domain is discretized in all directions and FDTD update equations are applied in this 

method. Convolutional Perfectly Matched Layer (CPML) method is applied to the 

update equations to diminish reflections from the numerical boundary. All layers are 

surrounded with CPML cells to block reflections from all dimensions. In addition, 

antenna ports are terminated in the simulations, since open-ended waveguides are 

used in the setup. The ports are terminated with the characteristic impedance of 

waveguides which is found analytically at the excitation frequency. A monochrome 

signal is applied from waveguide ports. Displacement in each cell caused by the 

focused ultrasound affects the electromagnetic equations. To include the effects of 

the displacements which are in the order of micrometers, sub-cell method is used 
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[11]. In this method, the FDTD update equations are altered for the cells at the focal 

region of the ultrasound. 

Mechanical problem is also solved with the 3-D mechanical FDTD method. The 

same simulation domain as electromagnetic solution is used according to mechanical 

properties of the experimental domain. 3-D update equations are created according 

to stress-strain relationships. Focused ultrasound is included as a distributed force to 

these update equations. The velocity in each cell is calculated with these equations 

and displacement in each cell is calculated by using the velocity expression. This 

displacement data is used as an input into the electromagnetic problem. Mechanical 

problem is also solved in Matlab domain. 

 

1.3. Increasing Speed of Computation Rate 

One important problem about the FDTD method is the computation speed. In the 

FDTD method, the equations are solved iteratively and large numbers of iterations 

are required to obtain a better solution. The number of iterations is in the order of 

thousands. Both mechanical and electromagnetic solutions are produced with the 3-

D update equations for the HMMDI method. Since raster scanning is used to detect 

the tumor, all of these computations must be repeated at each scan point. Normally 

for a standard scanning process, significant time on the order of hours is required to 

get a full numerical solution [10]. To shorten the simulation time, parallel 

programming techniques in Matlab are studied and applied in this thesis. 

The main idea of parallel programming is to use multiple processors to complete the 

operation. Today’s computers have multiple cores and each individual core is 

capable of running in parallel with the other cores. Whenever tasks are separate, 

each processor can work on its section independently [12]. Although the computers 

have multiple processors which can work at the same time, the graphic cards also 

can run parallel operations. These cards have many GPUs (Graphic Processing 

Units) which can work as a processor individually. Graphic cards can include core 
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numbers above a hundred, that’s why parallel programming is more successful with 

GPUs than CPUs (Central Processing Units) [13]. In this thesis, the speed rate is 

increased dramatically by using parallel programming algorithm in Matlab.  

 

1.4. Scope of the Thesis 

In this thesis, the numerical solution procedure of the HMMDI forward problem is 

explained. Electromagnetic and mechanical analysis with several examples are 

presented. In addition, the numerical computation time is reduced using parallel 

computing methods. Solution procedures of these problems and acceleration 

methods are explained step by step. The scope of this thesis is outlined and listed as 

follows: 

• Implementation of mechanical 3-D FDTD equations in Matlab, 

• Validation of the mechanical simulator with COMSOL Multiphysics 

solutions, 

• Implementation of the electromagnetic 3-D FDTD equations in Matlab, 

• Applications of the CPML method to the electromagnetic 3-D FDTD 

equations, 

• Application of the sub-cell method in the electromagnetic 3-D FDTD 

equations, 

• Using parallel programming methods in Matlab to accelerate the numerical 

computations, 

• Examining the feasibility of the HMMDI method with breast tissue models. 
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1.5. Thesis Organization 

The organization of the thesis is as follows: 

In Chapter 2, firstly, the solution of HMMDI method is explained in detail. 

Secondly, mechanical solution procedure is explained. The equations and parameters 

of the mechanical solution are presented. The simulation results are compared with 

the results obtained by a commercial software (COMSOL Multiphysics). Finally, 

electromagnetic solution of the forward problem is introduced. 3-D update equations 

with the CPML is explained in this section. In addition, sub-cell method is included 

and change in the update equations is explained. 

In Chapter 3, the parallel programming methods are introduced. Methods with 

Matlab parallel programming library functions are implemented and compared to 

each other. Application of 3-D FDTD equations to parallel programming algorithm 

is defined. GPU performance is analyzed according to this algorithm. 

In Chapter 4, the simulation domain of HMMDI method is introduced. Forward 

problem is solved by using the developed electromagnetic and mechanical numerical 

solvers. Breast models with different electrical and mechanical properties including 

tumor are examined with HMMDI method. 

In Chapter 5, conclusion of the study is given together with possible future studies. 
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CHAPTER 2  

 

2. HMMDI WITH NUMERICAL METHODS 

 

2.1. HMMDI Method 

HMMDI method has been proposed and developed by the researchers in the 

Bioelectromagnetism Research Group of Middle East Technical University (METU) 

[10], [14], [15]. The ultimate goal of the HMMDI method is to image mechanical 

and electrical properties of tissue. Figure 2.1 shows the basic components of the data 

acquisition system. In HMMDI, an electromagnetic signal is transmitted to the tissue 

from a transmitter antenna while focused ultrasound creates focal vibrations. The 

change in phase due to vibrations is detected using a receiver antenna. The change in 

amplitude is not significant since the vibrations are too small compared to the 

electromagnetic wavelength. 

 

Figure 2.1. Demonstration of the Harmonic Motion Microwave Doppler Imaging Method [16]. 
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2.1.1. Generation of Harmonic Motion 

Low frequency harmonic motion is generated by a focused ultrasound transducer 

(FUS) driven with an amplitude modulated signal. Whenever the resulting radiation 

force (acoustic radiation force) is applied the tissue, a unidirectional force affects the 

tissue by causing momentum transfer from acoustic signal to medium [17]. The 

corresponding force equation is as follows: 

F =
2αI

Cs
              2-1 

where F (kg/s2cm2) is the force per unit volume, 𝛼 (1/m) is the absorption constant, I 

(W/cm2) is the average intensity of the acoustic beam, and Cs (m/s) is the speed of 

ultrasound. The ultrasound transducer creates a time varying pressure at the focus 

point, which can be expressed as 

𝑃(𝑡) = 𝑃0cos⁡(∆𝑤/2𝑡)cos⁡(𝑤𝑢𝑡 + ∅)            2-2 

where P0 is the amplitude of the pressure wave, ∆𝑤/2 is the modulation frequency 

and wu is the carrier frequency.  The short-term average intensity of the beam is: 

𝐼 =
𝑃0

2

4𝜌𝐶𝑠
(1 + cos⁡(∆𝑤𝑡))              2-3 

 

where 𝜌 is the density of the medium. 

The tissue elasticity parameters Young's Modulus (E) and Poisson's ratio (v) are 

related to the maximum displacement caused by the radiation force [18]: 

𝐸 =
2(1 − 𝑣)2𝐹𝑟𝑏

𝑋0𝐴
 2-4 
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where rb is the radius of the beam, A is the cross sectional area and X0 is the 

maximum displacement of the tissue. 

When the force is in a sinusoidal form (i.e., 𝐹(𝑡) = 𝐹0 cos(∆𝑤𝑡) ) the displaced 

local tissue can be modelled as a circular piston and the displacement of this tissue is 

expressed as: 

𝑋(𝑡) =
𝐹0 cos(∆𝑤𝑡)

∆𝑤𝑍
= 𝑋0cos⁡(∆𝑤𝑡 + 𝜑) 2-5 

 

where 𝜑 is the phase change and Z is the mechanical impedance of the tissue. 

 

2.1.2. Analytical Formulation for the Forward Problem of HMMDI 

To calculate the received signal, a number of steps are implemented. Firstly, the 

electromagnetic forward problem is solved for a homogenous body with the tumor 

which has different electrical properties from the homogenous medium. Secondly, 

the effect of the vibration due to the focused ultrasound is analyzed. If the diameter 

of the tumor is much smaller than electromagnetic signal wavelength, the 

polarization density can be described as [19]: 

𝑃⃗ =
3𝜀𝑏(𝜀𝑡 − 𝜀𝑏)

𝜀𝑡 + 2𝜀𝑏
𝜀0𝐸⃗ 𝑖𝑛𝑐 2-6 

 

where 𝜀0 is free space permittivity, 𝜀𝑡 is relative permittivity of the tumor, 𝜀𝑏 is 

relative permittivity of the medium and 𝐸⃗ 𝑖𝑛𝑐 is the incident electric field on the 

tumor. The wavelength through the tissue is: 

𝜆𝑏 =
2𝜋𝑐

𝑤√𝜀𝑏

 2-7 
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In the forward problem, tumor is modeled with polarization current density ⁡𝐽⃗⃗ =

𝑗𝑤𝑃⃗ . By using the Lorentz reciprocity theorem (Equation 2-8) the received signal is 

calculated: 

∫ (𝐸⃗ 1 ∙ 𝐽 2)𝑇𝑢𝑚𝑜𝑟
𝑉𝑜𝑙𝑢𝑚𝑒

𝑑𝑉 = ∫ [𝐸⃗ 2 ∙ 𝐽 1 − 𝐻⃗⃗ 2 ∙ 𝑀⃗⃗ 1]𝑑𝑆𝑊𝑎𝑣𝑒𝑔𝑢𝑖𝑑𝑒
𝑠𝑢𝑟𝑓𝑎𝑐𝑒

                            2-8 

 

where 𝐽 2 is the electric current density vector of the tumor, 𝐸⃗ 2 is the electric field, 𝐻⃗⃗ 2 

is the magnetic field occurred by this current density. In the reciprocal problem, 𝐸⃗ 1 

and 𝐻⃗⃗ 1  are the electric and magnetic fields at the receiving antenna. 𝐽 1 is the electric 

current source density and 𝑀⃗⃗ 1 is the magnetic current source density on the 

waveguide surface. 

 

 

Figure 2.2. Lorentz reciprocity theorem implementation of the HMMDI [10]. 

To calculate the mutual admittance of the dipole and receiving antenna the Lorentz 

equation is multiplied with voltages of the transmitting and receiving antennas. Then 

the equation becomes: 

𝑌21𝑡 =
1

|𝑉1||𝑉2|
∫ (𝐸⃗ 1 ∙ 𝐽 2)𝑇𝑢𝑚𝑜𝑟
𝑉𝑜𝑙𝑢𝑚𝑒

𝑑𝑉 =
2

𝑎𝑏
𝑗𝑤𝜀0

3𝜀𝑏(𝜀𝑡−𝜀𝑏)

𝜀𝑡+2𝜀𝑏
𝐸⃗ 𝑖𝑛𝑐 ∙ 𝐸⃗ 1𝑣⁡⁡⁡⁡⁡⁡⁡ 2-9 

where V1 and V2 are the voltages of the transmitter and the receiver waveguide fields 

and v is the volume of the tumor.  
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The coupling s parameter due to tumor can be calculated from: 

𝑆21𝑡 = −2
𝑌21𝑡/𝑌0

(1+𝑌11/𝑌0)2−𝑌21𝑡/𝑌0
2       𝑌0 =

1

120𝜋
√𝜖𝑤

𝜆𝑤

𝜆𝑔
            2-10 

where  𝜖𝑤 is the relative dielectric constant of the waveguide material, 𝜆𝑤 is the 

wavelength of the same material and 𝜆𝑔 is the guided wavelength of the filling 

material. 

In the HMMDI method, vibration changes phase and amplitude of the scattered 

signal. To analyze the vibration effect in the received signal, a continuous wave 

microwave signal, which can be represented as 𝑆𝑇𝑋(𝑡) = 𝐴𝑐𝑜𝑠(𝑤𝑚𝑡) is injected into 

the tissue from the transmitter antenna. Then, the received signal at the receiver port 

can be described as [10]: 

𝑆𝑅𝑋(𝑡) = 𝐵[1 + 𝑀𝑠𝑖𝑛(Δ𝑤𝑡)]cos⁡(𝑤𝑚𝑡 +
4𝜋𝑅

𝜆
+ 𝐾𝑠𝑖𝑛(Δ𝑤𝑡) + 𝜙)          2-11 

where B is the magnitude of the received signal without vibration, R is the distance 

between antennas and focal region, wm is the frequency of the microwave signal, Δ𝑤 

is the vibration frequency of the tissue, M is the change in the amplitude and K is the 

change in the phase.  

Since the displacement is in the order of micrometers, which is very small compared 

to the microwave wavelength, amplitude modulation parameter M is much smaller 

than 1, so it can be neglected. In addition, K<<1. Also, the cosine term can be 

expressed in the following form: 

cos (𝑤𝑚𝑡 +
4𝜋𝑅

𝜆
+ 𝐾𝑠𝑖𝑛(Δ𝑤𝑡) + 𝜙) = cos (𝑤𝑚𝑡 +

4𝜋𝑅

𝜆
+ 𝜙) ∙ cos(𝐾𝑠𝑖𝑛(∆𝑤𝑡)) −

sin⁡(𝑤𝑚𝑡 +
4𝜋𝑅

𝜆
+ 𝜙) ∙ sin⁡(𝐾𝑠𝑖𝑛(∆𝑤𝑡))        2-12 

cos(𝐾𝑠𝑖𝑛(∆𝑤𝑡)) ≈ 1  and sin(𝐾𝑠𝑖𝑛(∆𝑤𝑡)) = 𝐾𝑠𝑖𝑛(∆𝑤𝑡) since K<<1 

Then the cosine term becomes: 
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cos (𝑤𝑚𝑡 +
4𝜋𝑅

𝜆
+ 𝐾𝑠𝑖𝑛(Δ𝑤𝑡) + 𝜙) = cos (𝑤𝑚𝑡 +

4𝜋𝑅

𝜆
+ 𝜙) − sin⁡(𝑤𝑚𝑡 +

4𝜋𝑅

𝜆
+

𝜙) ∙ 𝐾𝑠𝑖𝑛(∆𝑤𝑡)              2-13 

 

Finally, the scattered signal can be written as: 

𝑆𝑅𝑋(𝑡) = 𝐵 {cos (𝑤𝑚𝑡 +
4𝜋𝑅

𝜆
+ 𝜙) +

𝐾

2
cos (𝑤𝑚𝑡 − ∆𝑤𝑡 +

4𝜋𝑅

𝜆
+ 𝜙) −

𝐾

2
cos (𝑤𝑚𝑡 + ∆𝑤𝑡 +

4𝜋𝑅

𝜆
+ 𝜑)}               2-14 

𝑤𝑚 + ∆𝑤 and 𝑤𝑚 − ∆𝑤 are the main frequency components. In addition, wm is the 

other frequency component which is practically very small according to clutter and 

leakage. The scattered signal can be down converted and filtered according to ∆𝑤  

frequency since it is known.   

 

2.2. Mechanical FDTD 

2.2.1. Introduction of Mechanical FDTD 

In the mechanical part of the problem, focused ultrasound is applied to the tissue in 

order to produce local vibrations. These local vibrations cause phase modulation in 

the received signal of the HMMDI system. This modulation induces a Doppler shift 

by an amount of harmonic motion frequency of the vibrating region. The amplitude 

of the tissue displacement (vibration) data is the input for the electromagnetic 

simulation to calculate the amplitude of the received Doppler component. In this 

study, the velocity stress-strain equations are solved with the FDTD method to 

calculate the displacement in 3-D. With the help of these equations velocity 

components and displacement values are calculated. These displacement values are 

the outputs of the mechanical simulation and inputs of the electromagnetic 

simulations. In the mechanical model, elastic properties are important. The amount 
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of displacement changes according to the tissue type, size of the medium, ultrasound 

intensity and frequency. 

 

2.2.2. Equations of Mechanical FDTD 

For the mechanical FDTD model, 3-D staggered grid implementation which is 

studied by Yamogida and Etgen [20] is used. The velocity-stress equations are as 

follows [21]: 

 

𝜕𝑣𝑥

𝜕𝑡
=

1

𝜌
(
𝜕𝜏𝑥𝑥

𝜕𝑥
+

𝜕𝜏𝑥𝑦

𝜕𝑦
+

𝜕𝜏𝑥𝑧

𝜕𝑧
+ 𝑓𝑥) 
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𝜕𝑣𝑦

𝜕𝑡
=

1

𝜌
(
𝜕𝜏𝑥𝑦

𝜕𝑥
+

𝜕𝜏𝑦𝑦

𝜕𝑦
+

𝜕𝜏𝑦𝑧

𝜕𝑧
+ 𝑓𝑦) 
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𝜕𝑣𝑧

𝜕𝑡
=

1

𝜌
(
𝜕𝜏𝑥𝑧

𝜕𝑥
+

𝜕𝜏𝑦𝑧

𝜕𝑦
+

𝜕𝜏𝑧𝑧

𝜕𝑧
+ 𝑓𝑧) 
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Table 2.1 presents the parameters used in the velocity-stress equations: 

Table 2.1. Parameters of the velocity-stress relations 

𝑣𝑥, 𝑣𝑦, 𝑣𝑧 Velocity components 

𝜏𝑥𝑥, 𝜏𝑥𝑦, 𝜏𝑥𝑧, 𝜏𝑦𝑦, 𝜏𝑦𝑧, 𝜏𝑧𝑧 Stress components 

𝑓𝑥,  𝑓𝑦,  𝑓𝑧 Load components 

𝜌 Density of the medium 

 

The stress-strain equations are as follows [21]: 
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𝜕𝜏𝑥𝑥

𝜕𝑡
= (𝜆 + 2𝜇)

𝜕𝑣𝑥

𝜕𝑥
+ 𝜆 (

𝜕𝑣𝑦

𝜕𝑦
+

𝜕𝑣𝑧

𝜕𝑧
) 
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𝜕𝜏𝑦𝑦

𝜕𝑡
= (𝜆 + 2𝜇)

𝜕𝑣𝑦

𝜕𝑦
+ 𝜆 (

𝜕𝑣𝑥

𝜕𝑥
+

𝜕𝑣𝑧

𝜕𝑧
) 
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𝜕𝜏𝑧𝑧

𝜕𝑡
= (𝜆 + 2𝜇)

𝜕𝑣𝑧

𝜕𝑧
+ 𝜆 (

𝜕𝑣𝑥

𝜕𝑥
+

𝜕𝑣𝑦

𝜕𝑦
) 
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𝜕𝜏𝑥𝑦

𝜕𝑡
= 𝜇 (

𝜕𝑣𝑥

𝜕𝑦
+

𝜕𝑣𝑦

𝜕𝑥
) 
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𝜕𝜏𝑥𝑧

𝜕𝑡
= 𝜇 (

𝜕𝑣𝑥

𝜕𝑧
+

𝜕𝑣𝑧

𝜕𝑥
) 
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𝜕𝜏𝑦𝑧

𝜕𝑡
= 𝜇 (

𝜕𝑣𝑦

𝜕𝑧
+

𝜕𝑣𝑧

𝜕𝑦
) 
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The parameters used in the stress-strain equations are given in Table 2.2. 

Table 2.2. Parameters of the stress-strain relationships 

𝑣𝑥, 𝑣𝑦, 𝑣𝑧 Velocity components 

𝜏𝑥𝑥, 𝜏𝑥𝑦, 𝜏𝑥𝑧, 𝜏𝑦𝑦, 𝜏𝑦𝑧, 𝜏𝑧𝑧 Stress components 

𝜆 First Lamѐ coefficient 

𝜇 Second Lamѐ coefficient 

 



 

 

 

15 

 

These equations can be written in discrete form as follows: 

𝑣𝑥𝑖+1/2,𝑗,𝑘

𝑛+1/2
= 𝑣𝑥𝑖+1/2,𝑗,𝑘

𝑛−1/2
+⁡

Δ𝑡

2
(

1

𝜌𝑖+1,𝑗,𝑘
+

1

𝜌𝑖,𝑗,𝑘
) (

𝜏𝑥𝑥𝑖+1,𝑗,𝑘
𝑛 −𝜏𝑥𝑥𝑖,𝑗,𝑘

𝑛

Δ𝑥
+

𝜏𝑥𝑦𝑖+1/2,𝑗+1,𝑘
𝑛 −𝜏𝑥𝑦𝑖+1/2,𝑗,𝑘

𝑛

Δ𝑦
+

𝜏𝑥𝑧𝑖+1/2,𝑗,𝑘+1
𝑛 −𝜏𝑥𝑧𝑖+1/2,𝑗,𝑘

𝑛

Δ𝑧
+ 𝑓𝑥

𝑖+
1
2
,𝑗,𝑘

∙

𝑠𝑡𝑖𝑚𝑢𝑙𝑢𝑠) 
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𝑣𝑦𝑖,𝑗+1/2,𝑘
𝑛+1/2 = 𝑣𝑥,𝑗+1/2,𝑘

𝑛−1/2
+⁡

Δ𝑡

2
(

1

𝜌𝑖,𝑗+1,𝑘
+

1

𝜌𝑖,𝑗,𝑘
) (

𝜏𝑥𝑦𝑖+1,𝑗+1/2,𝑘
𝑛 −𝜏𝑥𝑦𝑖,𝑗+1/2,𝑘

𝑛

Δ𝑥
+

𝜏𝑦𝑦𝑖,𝑗+1,𝑘
𝑛 −𝜏𝑦𝑦𝑖,𝑗,𝑘

𝑛

Δ𝑦
+

𝜏𝑦𝑧𝑖,𝑗+1/2,𝑘+1
𝑛 −𝜏𝑦𝑧𝑖,𝑗+1/2,𝑘

𝑛

Δ𝑧
+ 𝑓𝑦𝑖,𝑗+1/2,𝑘

∙ 𝑠𝑡𝑖𝑚𝑢𝑙𝑢𝑠) 
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𝑣𝑧𝑖,𝑗,𝑘+12

𝑛+1/2
= 𝑣𝑥,𝑗,𝑘+1/2

𝑛−1/2
+⁡

Δ𝑡

2
(

1

𝜌𝑖,𝑗,𝑘+1
+

1

𝜌𝑖,𝑗,𝑘
) (

𝜏𝑥𝑧𝑖+1,𝑗,𝑘+1/2
𝑛 −𝜏𝑥𝑧𝑖,𝑗,𝑘+1/2

𝑛

Δ𝑥
+

𝜏𝑦𝑧𝑖,𝑗+1,𝑘+1/2
𝑛 −𝜏𝑦𝑧𝑖,𝑗,𝑘+1/2

𝑛

Δ𝑦
+

𝜏𝑧𝑧𝑖,𝑗,𝑘+1
𝑛 −𝜏𝑧𝑧𝑖,𝑗,𝑘

𝑛

Δ𝑧
+ 𝑓𝑧𝑖,𝑗,𝑘+1/2

∙ 𝑠𝑡𝑖𝑚𝑢𝑙𝑢𝑠) 
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𝜏𝑥𝑥𝑖,𝑗,𝑘
𝑛+1 = 𝜏𝑥𝑥𝑖,𝑗,𝑘

𝑛 +⁡Δ𝑡 [(𝜆𝑖,𝑗,𝑘 + 2𝜇𝑖,𝑗,𝑘)
𝑣𝑥

𝑖+
1
2
,𝑗,𝑘

𝑛+
1
2 −𝑣𝑥

𝑖−
1
2
,𝑗,𝑘

𝑛+
1
2

Δ𝑥
+

𝜆𝑖,𝑗,𝑘 (
𝑣𝑦

𝑖,𝑗+
1
2
,𝑘

𝑛+
1
2 −𝑣𝑦

𝑖,𝑗−
1
2
,𝑘

𝑛+
1
2

Δ𝑦
+

𝑣𝑧
𝑖,𝑗,𝑘+

1
2

𝑛+
1
2 −𝑣𝑧

𝑖,𝑗,𝑘−
1
2

𝑛+
1
2

Δ𝑧
)] 
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𝜏𝑦𝑦𝑖,𝑗,𝑘
𝑛+1 = 𝜏𝑦𝑦𝑖,𝑗,𝑘

𝑛 +⁡Δ𝑡 [(𝜆𝑖,𝑗,𝑘 + 2𝜇𝑖,𝑗,𝑘)
𝑣𝑦

𝑖,𝑗+
1
2
,𝑘

𝑛+
1
2 −𝑣𝑦

𝑖,𝑗−
1
2
,𝑘

𝑛+
1
2

Δ𝑦
+

𝜆𝑖,𝑗,𝑘 (
𝑣𝑥

𝑖+
1
2
,𝑗,𝑘

𝑛+
1
2 −𝑣𝑥

𝑖−
1
2
,𝑗,𝑘

𝑛+
1
2

Δ𝑥
+

𝑣𝑧
𝑖,𝑗,𝑘+

1
2

𝑛+
1
2 −𝑣𝑧

𝑖,𝑗,𝑘−
1
2

𝑛+
1
2

Δ𝑧
)] 
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𝜏𝑧𝑧𝑖,𝑗,𝑘
𝑛+1 = 𝜏𝑧𝑧𝑖,𝑗,𝑘

𝑛 +⁡Δ𝑡 [(𝜆𝑖,𝑗,𝑘 + 2𝜇𝑖,𝑗,𝑘)
𝑣𝑧𝑖,𝑗,𝑘+1/2

𝑛+1/2
−𝑣𝑧𝑖,𝑗,𝑘−1/2

𝑛+1/2

Δ𝑦
+

𝜆𝑖,𝑗,𝑘 (
𝑣𝑥𝑖+1/2,𝑗,𝑘

𝑛+1/2
−𝑣𝑥𝑖−1/2,𝑗,𝑘

𝑛+1/2

Δ𝑥
+

𝑣𝑦𝑖,𝑗+1/2,𝑘

𝑛+1/2
−𝑣𝑦𝑖,𝑗−1/2,𝑘

𝑛+1/2

Δ𝑦
)] 
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𝜏𝑥𝑦𝑖+
1

2
,𝑗+

1

2
,𝑘

𝑛+1 = 𝜏𝑥𝑦𝑖+
1

2
,𝑗+

1

2
,𝑘

𝑛 +⁡Δ𝑡 {[
1

4
(

1

𝜇𝑖,𝑗,𝑘
+

1

𝜇𝑖+1,𝑗,𝑘
+

1

𝜇𝑖,𝑗+1,𝑘
+

1

𝜇𝑖+1,𝑗+1,𝑘
)]

−1

[
𝑣𝑥

𝑖+
1
2
,𝑗+1,𝑘

𝑛+
1
2 −𝑣𝑥

𝑖+
1
2
,𝑗,𝑘

𝑛+
1
2

Δ𝑦
+

𝑣𝑦
𝑖+1,𝑗+

1
2
,𝑘

𝑛+
1
2 −𝑣𝑦

𝑖,𝑗+
1
2
,𝑘

𝑛+
1
2

Δ𝑥
]} 
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𝜏𝑥𝑧𝑖+1/2,𝑗,𝑘+1/2
𝑛+1 = 𝜏𝑥𝑧𝑖+1/2,𝑗,𝑘+1/2

𝑛 +⁡Δ𝑡 {[
1

4
(

1

𝜇𝑖,𝑗,𝑘
+

1

𝜇𝑖+1,𝑗,𝑘
+

1

𝜇𝑖,𝑗,𝑘+1
+

1

𝜇𝑖+1,𝑗,𝑘+1
)]

−1

[
𝑣𝑥𝑖+1/2,𝑗,𝑘+1

𝑛+1/2
−𝑣𝑥𝑖+1/2,𝑗,𝑘

𝑛+1/2

Δ𝑧
+

𝑣𝑧𝑖+1,𝑗,𝑘+1/2
𝑛+1/2

−𝑣𝑧𝑖,𝑗,𝑘+1/2
𝑛+1/2

Δ𝑥
]} 
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𝜏𝑦𝑧𝑖,𝑗+1/2,𝑘+1/2
𝑛+1 = 𝜏𝑦𝑧𝑖,𝑗+1/2,𝑘+1/2

𝑛 +⁡Δ𝑡 {[
1

4
(

1

𝜇𝑖,𝑗,𝑘
+

1

𝜇𝑖𝑗+1,𝑘
+

1

𝜇𝑖,𝑗,𝑘+1
+

1

𝜇𝑖,𝑗+1,𝑘+1
)]

−1

[
𝑣𝑦𝑖,𝑗+1/2,𝑘+1

𝑛+1/2
−𝑣𝑦𝑖,𝑗+1/2,𝑘

𝑛+1/2

Δ𝑧
+

𝑣𝑧𝑖,𝑗+1,𝑘+1/2
𝑛+1/2

−𝑣𝑧𝑖,𝑗,𝑘+1/2
𝑛+1/2

Δ𝑦
]} 
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The parameters used in the stress-strain discrete form equations are given in Table 

2.3. 

 

Table 2.3. Parameters of discrete form of the stress-strain equations 

𝑣𝑥, 𝑣𝑦, 𝑣𝑧 Velocity components 

𝜏𝑥𝑥, 𝜏𝑥𝑦, 𝜏𝑥𝑧, 𝜏𝑦𝑦, 𝜏𝑦𝑧, 𝜏𝑧𝑧 Stress components 

𝜆 First Lamѐ coefficient 

𝜇 Second Lamѐ coefficient 

i, j, k  Numbers of subspace parts in the x, y, z planes 

Δ𝑡 Change in time 

n Time parameter 

Δ𝑥, Δ𝑦, Δ𝑧 Displacement in x, y, z planes 

𝜌 Density parameter 

𝑓𝑥, 𝑓𝑦, 𝑓𝑧 Load components 

Stimulus Sinusoidal source 

 

The ultrasound transducer is assumed to emit a Gaussian beam with an intensity 

profile defined as follows: 

𝐼 =
𝐼0𝐴1

𝐵𝑔
𝑒−2𝐴1(

𝑟
𝑎
)
2

𝑒−2𝛼𝑧 
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𝐴1(𝑧) =
𝐵𝑔

𝐵𝑔
2𝑧2

(
𝑘𝑎𝑎2

2
)
2 + (1 −

𝑧
𝑧𝑓

)
2
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The parameters used in the Gaussian beam expression is given in Table 2.4. 

 

Table 2.4. Parameters of the intensity profile 

𝐵𝑔 Gaussian coefficient 

𝑧𝑓 Focal length of the transducer 

𝑘𝑎 Acoustic wavenumber 

𝑎 Transducer radius 

𝛼 Acoustic attenuation constant 

r Distance between interested point and focal point of the ultrasound 

 

Load components which are fx, fy and fz are defined from as follows: 

f =
2αI

Cs
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where f (kg/s2cm2) is the force per unit volume, 𝛼 (1/m) is the absorption constant, I 

(W/cm2) is the average intensity of the acoustic beam, Cs (m/s) is the speed of 

ultrasound. 

Stimulus is taken as a sinusoidal source and it is assumed to be applied to the tissue 

with different frequency. 
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2.2.3. Results of Mechanical FDTD 

Mechanical FDTD simulations are performed by using Matlab in all of the 

simulations for HMMDI. To be sure that the simulations works right, the same 

mechanical problem is solved with COMSOL Multiphysics program. Figure 2.3 

shows a 80 mm x 80 mm x 80 mm cube that represents the breast tissue model. A 

tumor model of size 3 mm x 3 mm x 3 mm exists in the middle of the breast tissue 

model. The other mechanical simulation parameters are shown in Table 2.5. 

 

Table 2.5. Parameters of the mechanical simulations 

Speed of ultrasound in fat 1450 m/s 

Focal length of the transducer 0.041 m 

Frequency 3 MHz 

Radius of the transducer 0.01 m 

Intensity of the beam at the focus 204.6 

Young's Constant in breast tissue 5 kPa 

Young's Constant in tumor 20 kPa 

Time step 2.5 ∙ 10−6 s 
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Figure 2.3. Mechanical simulation geometry for Matlab and COMSOL comparison 
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f=30 Hz  

 
 

 

 

f=100 Hz  

 

Figure 2.4. Mechanical simulation results obtained by the developed FDTD code and the COMSOL 

software. Figure 2.3 shows the simulation geometry. Modulation frequencies are 30 Hz and 100 Hz. 

Displacement values at the ultrasound focus point (z=40 mm) are plotted between 5 msec and 30 

msec. 
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The modulation frequency is taken as 30 Hz in the first simulation. The displacement 

values in the middle of the tumor are saved and analyzed. The same simulation is 

performed using the developed Matlab code and COMSOL software. Figure 2.4 

shows the time variation of the displacement at the ultrasound focus point obtained 

by using 3-D FDTD code and the COMSOL software. In the graphic, maximum 

values in the first period are compared. The maximum value of the Matlab result is 

1.5% higher than the maximum value of the COMSOL result. The results show good 

agreement.  

Second simulation is made with the same body and source geometry (Figure 2.3) but 

using a different (100 Hz) modulation frequency. In Figure 2.4, maximum values in 

the first period are compared. The maximum value of the Matlab result is 0.8% 

higher than the maximum value of the COMSOL result. The results show good 

agreement. In addition, increasing frequency decreases displacement values 

according to comparison of two results. 

 

 

2.3. Electromagnetic FDTD 

2.3.1. Introduction of Electromagnetic FDTD 

FDTD method is one of the most preferred method for solving the electromagnetic 

problems. The method is easy to implement to 3-D inhomogeneous media. There are 

many applications of using FDTD in dielectrics, antennas, human body exposed to 

radiation, micro strip circuits, etc. [22]. Since the breast tissue is an inhomogeneous 

medium, FDTD method is a good choice to solve the forward problem of HMMDI. 

In addition, memory requirements of this method are less demanding compared to 

the other methods, like Method of Moments and Finite Element Method.  
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2.3.2. Equations of Electromagnetic FDTD 

In FDTD method, Maxwell’s equations are solved by taking the differential form of 

electrical and magnetic fields which are discretized in time and space.  Yee grid 

method is used to discretize the fields in time and space for 3-D problems [23].  

 

 

Figure 2.5. Yee grid representation [26]. 

 

In the Yee grid, at the edge centers of the cube the electric fields, at the face center 

of the cube the magnetic field, at the cube center the electric permittivity and 

conductivity and at the cube corners the magnetic permeability and magnetic loss are 

defined. FDTD equations are derived from Maxwell equations. Derivation of 3-D 

FDTD equations can be seen in Appendices A.  
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In the FDTD method, reflections can occur at the boundaries of the medium. 

Absorbing boundary conditions should be applied to prevent these reflections. These 

boundary conditions simulate infinite space boundaries, and therefore the reflections 

occur at minimum level. Perfectly matched layer method is one of the most 

preferable absorbing boundary condition method, since it can be used in linear, 

nonlinear, homogeneous, inhomogeneous and anisotropic domains [24]. To increase 

the absorbing effect, this method is improved by the help of recursive convolution 

method, stretched coordinate formulation and complex frequency shifted tensor 

coefficients. This method is named as Convolutional Perfectly Matched Layer 

(CPML) method. The biggest advantage of CPML is that the method is independent 

of the medium type without any modifications [25].  The equations derived in [24] 

can be seen in Appendices B. 

In the HMMDI method, since focused ultrasound is induced inside the medium, 

local vibrations occur causing small displacements in the tissue cells. These 

displacements are very small, in the order of microns. To solve the effect of small 

displacements in the FDTD method, sub-cell method is introduced for thin material 

sheets [27]. In this method, firstly the special region which includes vibrating cells is 

determined. The direction of these special cells is according to ultrasound force 

radiating direction. In the HMMDI method, focused ultrasound radiates in the z 

direction, so thin sheets are settled perpendicular to z plane which is xy plane. The 

FDTD update equations are changed in these thin sheet regions [10]. 

Electric field equations are obtained from the Maxwell equations: 

∮ 𝐻⃗⃗ ∙ 𝑑𝑙⃗⃗  ⃗ = ∬(𝜖
𝜕𝐸⃗ 

𝜕𝑡
+ 𝜎𝐸⃗ ) ∙ 𝑑𝑆⃗⃗⃗⃗  
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Figure 2.6. FDTD cells with showing Ez, Ey and Hx fields on yz plane [10]. Colorful cells are special 

area.  

In equation 2-36, when left side of the Maxwell equation is solved, it is assumed that 

magnetic fields are constant in the related line integral, also the surface integrals in 

the right side of the equation are being solved by assuming that electric fields are 

constant in the related area of the integration. Ex update equation is changed, since 

some part of the neighbor of Ey fields which are Hz and Hy exists in the rectangular 

path surrounding the Ey node. Average media parameters are used. The equation is: 

𝐸𝑥
𝑞+1

[𝑚 +
1

2
, 𝑛, 𝑝]

= 𝐶𝐴𝑑𝐸𝑥
𝑞
[𝑚 +

1

2
, 𝑛, 𝑝]

+ 𝐶𝐵𝑑 {
1

𝛥𝑦
{𝐻𝑧

𝑞+
1
2 [𝑚 +

1

2
, 𝑛 +

1

2
, 𝑝] − 𝐻𝑧

𝑞+
1
2 [𝑚 +

1

2
, 𝑛 −

1

2
, 𝑝]}

−
1

𝛥𝑧
{𝐻𝑦

𝑞+
1
2 [𝑚 +

1

2
, 𝑛, 𝑝 +

1

2
] − 𝐻𝑦

𝑞+
1
2 [𝑚 +

1

2
, 𝑛, 𝑝 −

1

2
]}} 
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𝑤ℎ𝑒𝑟𝑒⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝐶𝐴𝑑 =
1−

𝜎𝑑∆𝑡

2𝜖𝑑

1+
𝜎𝑑∆𝑡

2𝜖𝑑

                      𝐶𝐵𝑑 =

∆𝑡

𝜖𝑑

1+
𝜎𝑑∆𝑡

2𝜖𝑑

   and 

𝜎𝑑(𝑚, 𝑛, 𝑝) = 𝜎(𝑚, 𝑛, 𝑝)
∆𝑧 − 𝑑(𝑚, 𝑛, 𝑝)

∆𝑧
+

𝜎(𝑚, 𝑛, 𝑝 + 1)𝑑(𝑚, 𝑛, 𝑝)

∆𝑧
 

𝜖𝑑(𝑚, 𝑛, 𝑝) = 𝜖(𝑚, 𝑛, 𝑝)
∆𝑧 − 𝑑(𝑚, 𝑛, 𝑝)

∆𝑧
+

𝜖(𝑚, 𝑛, 𝑝 + 1)𝑑(𝑚, 𝑛, 𝑝)

∆𝑧
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Ey update equation is changed, since some part of the neighbor of Ey fields which are 

Hx and Hz exist in the rectangular path surrounding the Ey node. Average media 

parameters are used. The equation is:  

𝐸𝑦
𝑞+1

[𝑚, 𝑛 +
1

2
, 𝑝]

= 𝐶𝐴𝑑𝐸𝑦
𝑞
[𝑚, 𝑛 +

1

2
, 𝑝]

+ 𝐶𝐵𝑑 {{𝐻𝑥

𝑞+
1
2 [𝑚, 𝑛 +

1

2
, 𝑝 +

1

2
] − 𝐻𝑥

𝑞+
1
2 [𝑚, 𝑛 +

1

2
, 𝑝 −

1

2
]}

− {𝐻𝑧

𝑞+
1
2 [𝑚 +

1

2
, 𝑛 +

1

2
, 𝑝] − 𝐻𝑍

𝑞+
1
2 [𝑚 −

1

2
, 𝑛 +

1

2
, 𝑝]}} 
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Ez field is divided into two part which are Ez and Ezs fields since Ez field is normal to 

the boundary and it is not continuous. For Ez field, it is not affected from 

displacement so equation 6-14 in Appendices A can be used for update equation, 

however Ezs is affected from displacement. Media parameters could be calculated in 

a different way since the direction of displacement in -z axis. The media parameters 

replaced with next cell parameter exists in +z axis.  

𝐸𝑧𝑠
𝑞+1

[𝑚, 𝑛, 𝑝 −
1

2
]

=

1 −
𝜎(𝑚, 𝑛, 𝑝 +

1
2
)∆𝑡

2𝜖(𝑚, 𝑛, 𝑝 +
1
2
)

1 +
𝜎(𝑚, 𝑛, 𝑝 +

1
2)∆𝑡

2𝜖(𝑚, 𝑛, 𝑝 +
1
2
)

𝐸𝑧𝑠
𝑞

[𝑚, 𝑛, 𝑝 −
1

2
]

+
1

1 +
𝜎(𝑚, 𝑛, 𝑝 +

1
2)∆𝑡

2𝜖(𝑚, 𝑛, 𝑝 +
1
2
)

{
𝛥𝑡

𝜖(𝑚, 𝑛, 𝑝 +
1
2
)𝛥𝑥

{𝐻𝑦

𝑞+
1
2 [𝑚 +

1

2
, 𝑛, 𝑝

−
1

2
] − 𝐻𝑦

𝑞+
1
2 [𝑚 −

1

2
, 𝑛, 𝑝 −

1

2
]}

−
𝛥𝑡

𝜖(𝑚, 𝑛, 𝑝 +
1
2
)𝛥𝑦

{𝐻𝑥

𝑞+
1
2 [𝑚, 𝑛 +

1

2
, 𝑝 −

1

2
]

− 𝐻𝑥

𝑞+
1
2 [𝑚, 𝑛 −

1

2
, 𝑝 −

1

2
]}} 
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Magnetic field equations are obtained from the first Maxwell equation, which is: 
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∮𝐸⃗ ∙ 𝑑𝑙⃗⃗  ⃗ = ∬(𝜇
𝜕𝐻⃗⃗ 

𝜕𝑡
) ∙ 𝑑𝑆⃗⃗⃗⃗  
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Hx field equation, which is affected from displacement: 

𝐻𝑥

𝑞+
1
2 [𝑚, 𝑛 +

1

2
, 𝑝 +

1

2
]

=
1 −

𝜎∆𝑡
2𝜇

1 +
𝜎∆𝑡
2𝜇

𝐻𝑥

𝑞−
1
2 [𝑚, 𝑛 +

1

2
, 𝑝 +

1

2
]

+
1

1 +
𝜎∆𝑡
2𝜇

{
Δ𝑡

𝜇Δ𝑧
{𝐸𝑦

𝑞
[𝑚, 𝑛 +

1

2
, 𝑝 + 1] − 𝐸𝑦

𝑞
[𝑚, 𝑛 +

1

2
, 𝑝]}

−
Δ𝑡

𝜇Δ𝑦

∆𝑧 − 𝑑
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Displacement also affects the Hy field equation: 
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Since permeability is the same in everywhere, Hz field is not affected from the 

displacement, so equation 6-11 in Appendices A can be used for update equation. 
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2.4. Conclusion 

In this chapter, the HMMDI method is introduced, and harmonic motion generation 

of the HMMDI method is explained. Amplitude modulated signal is applied from the 

focused ultrasound transducer that causes radiation force on the tissue.  The effect of 

this radiation force is analyzed. Then, the problem is modelled analytically. The 

numerical problem is solved in two stages. Firstly, forward problem is solved for a 

homogenous body with tumor, then vibration effect is included and the problem is 

solved again. In the solution procedure reciprocity theorem is used and effect of 

vibration is included in the equations.  

Secondly, mechanical FDTD solutions are described. Mechanical 3-D FDTD 

equations are extracted by using stress-strain relationships. Then, a simulation 

domain is created and mechanical equations are studied in Matlab. In addition, same 

problem is solved with COMSOL Multiphysics. The simulation results are in good 

agreement, which shows Matlab program works well. According to the results, 

displacement values decrease in the tumor region, since tumor is stiffer than breast 

tissue. The results of the simulations repeated for different frequencies show that the 

displacement values decrease with increasing frequency. 

Finally, electromagnetic 3-D FDTD equations are presented. The equations are 

empowered with CPML and sub-cell methods. To prevent reflection at the 

boundaries, CPML method is implemented to 3-D FDTD update equations. 

Furthermore, to observe the effect of vibrations on the received signal, sub-cell 

method is used. This method solved the effect of small displacement in FDTD 

method. 
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CHAPTER 3  

 

3. PARALLEL PROGRAMMING USING MATLAB FOR THE HMMDI FORWARD 

PROBLEM 

 

3.1. Introduction 

As mentioned in the previous chapters, the HMMDI simulations are implemented 

with the 3-D FDTD methods for both mechanical and electromagnetic problems. 

One important problem about the 3-D FDTD solutions is the computation speed 

since the solutions are obtained iteratively. A number of iterations are made to obtain 

a solution for only one scanning point. If the number of scanning points increases, 

thousands of iterations are required yielding a computation time on the order of 

hours. This section presents methods employed in this thesis study to decrease the 

computation time. 

One of the most important factors in computation acceleration is the hardware 

performance. Commonly, processors determine this performance.  

Multi-core processors can be used in parallel to provide a higher speed. Also, some 

additional hardware except processors play an important role in computation 

acceleration. The structure of the programming should also be focused on getting 

maximum efficiency with the available hardware.  Programming types are important 

for this issue. There are two basic programming types, namely, serial and parallel 

programming [28]. By combining these two basic types of programming, the code 

can be processed as desired.  

In serial programming; 

• The problem should be divided into processes that can be solved in series. 

• These operations are resolved in succession. 



 

 

 

30 

 

• All transactions are solved on a single processor. 

• Only one process can be solved at a time. 

 

 

Figure 3.1. Serial programming diagram [28]. Problem is divided into instructions which are shown 

as t1 to tN. Instructions enter the processor in series. 

 

In the simplest sense, parallel programming is the solution of numerical problem 

using multiple processing resources at the same time. In parallel programming: 

• The problem is divided into separate sections so that it can be solved at the 

same time. 

• Each section is divided into series operations. 

• These processes are analyzed simultaneously on different processors [28]. 

 



 

 

 

31 

 

 

Figure 3.2. Parallel programming diagram [28]. The problem is divided into instructions which are 

shown as t1 to tN. Instructions enter the processors in parallel. 

 

Parallel programming is usually done by 2 different hardware which are multi-

core/processor computer and a network of computers. A network of computers is an 

expensive solution, so it is not used. Multi-processor computers can be used but in 

addition to multi-processors, there are graphic processing units (GPU) that can be 

used for parallelization. In the HMMDI simulations, multi-processor computers with 

GPU is preferred. 

 

3.2. Increasing Computation Rate with HMMDI 

To perform the best computation rate, three methods are studied to implement the 

codes in Matlab domain. 

3.2.1. Vectorization 

To improve computation speed rate for 3-D FDTD solutions, the first basic method 

is vectorization. Vectorization is used in Matlab. In general, vectorization methods 

are the factors that facilitate the writing and processing of a code. According to 

Matlab, the benefits of vectorization are as follows: 
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• Appearance: Vectorized mathematical codes are like mathematical 

expressions found in books. This view makes code very easy to understand. 

• Less failure rate: Vectorized codes without loops are shorter. Fewer lines of 

code have a smaller error rate. 

• Performance: Vectorized codes generally run faster than codes with loops 

[29]. 

As an example for vectorized code, one of the loop in the HMMDI 

electromagnetic code is used. The normal code is: 

for k = 1:Kmax-1  

for i = 1:Imax-1  

for j = 1:Jmax-1  

Hx(i,j,k) = DA * Hx(i,j,k) + DB *( (Ez(i,j,k) - Ez(i,j+1,k))*den_hy(j)+(Ey(i,j,k+1) - 

Ey(i,j,k))*den_hz(k));  

end  

end  

end 

 

And the vectorized code is: 

Hx(1:Imax-1,1:Jmax-1,1:Kmax-1)=DA*Hx(1:Imax-1,1:Jmax-1,1:Kmax-1) + DB*(-

diff(Ez(1:Imax-1,1:Jmax,1:Kmax-1),1,2).*den_hy(1:Imax-1,1:Jmax-1,1:Kmax-1) + 

(diff(Ey(1:Imax-1,1:Jmax-1,1:Kmax),1,3).*den_hz(1:Imax-1,1:Jmax-1,1:Kmax-1))); 

 

Table 3.1. Vectorized loop parameters 

Ey Electric field in y axis 

Hx Magnetic field in x axis 

Ez Electric field in z axis 

Imax, Jmax, Kmax Maximum grid numbers in x, y, z axis 

Diff Matlab function calculating vector difference 

 

As seen in the above example, the code is shorter and easier to understand. In order 

to analyze the performance, which is more important for HMMDI, homogenous 

simulation geometry is used. The size of the geometry is 80 mm x 80 mm x 80 mm 
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and cell size is 1 mm. Based on the FDTD iteration loop, the simulation times are 

compared. Simulations are run on ASUS laptop which has Intel Core i7-4700HQ 

CPU @ 2.4 GHz (8 CPUs) processor and 16 GB RAM. The simulation is made for 

normal code and vectorized code. The results are shown in Table 3.2. 

 

Table 3.2. Simulation times for vectorized and normal code  

Iteration Number Normal Code (s) Vectorized Code (s) 

100 262.4 32.4 

1000 2526.5 325.5 

 

According to result, vectorized code is approximately 8 times faster than normal 

code for ASUS laptop. It approves the benefit of vectorization. Furthermore, 

simulations without GPU will be studied on ASUS Laptop. 

 

3.2.2. Using GPU Arrays 

GPU (Graphic Processing Unit) together with CPU (Central Processing Unit) can be 

used to accelerate the applications in a number of areas, like scientific, engineering, 

analytics. Normally CPU consists of a few cores which are used in general serial 

process applications, while GPU has thousands of smaller, more efficient cores 

designed for simultaneous multiple operations [13]. 

 

Figure 3.3. The difference between CPU and GPU [13]. Squares in CPU and GPU represents the 

cores. CPU has 2 cores but GPU has multiple cores.  
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GPU can be an efficient tool for parallel programming which satisfies higher 

computation speed rate. The easiest way to use GPU in Matlab is applying gpuArray 

command. gpuArray command stores the array in GPU domain. Normally, the 

defined arrays are placed in CPU domain, whenever this command is used, arrays 

are transferred from the CPU to GPU domain. If all arrays in the computation loop 

are transferred to the GPU domain, it increases the computation speed. At the end of 

the computation, the arrays in the GPU should be transferred to the CPU domain. It 

takes a few times, in the order seconds. The same example in the previous section is 

solved in the GPU. All arrays in the loop are transferred from the CPU to GPU 

domain in the vectorized code. GPU simulation is done in HP Z820 workstation. HP 

Z820 workstation has Intel Xeon CPU E5-2620 v2 @ 2.1 GHz (24 CPUs) processor 

and 64 GB RAM. This workstation has also Tesla K20 GPU card [30]. Some 

properties of Tesla K20 GPU card are shown in Table 3.3. 

Table 3.3. Properties of Tesla K20 GPU card [30]. 

Number of CUDA cores 2496 

Size 5 GB 

Clock Rate 706 KHz 

Bandwidth 208 GBps 

 

Table 3.4 shows the simulation times for the simulations performed in GPU and 

CPU for vectorized code. It is seen that simulation in GPU is approximately 3.5 

times faster than simulation in CPU for Matlab. Just only using gpuArray command 

makes big effect on the computation speed for Matlab. It shows the efficiency of 

using GPU. 
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Table 3.4. Comparison of vectorized code in GPU and CPU 

Iteration number Vectorized Code in GPU     

(s) 

Vectorized Code in CPU 

(s) 

100 10.4 32.42 

1000 88.08 325.57 

3000 261.28 950.27 

5000 430.3 1509.7 

 

 

 

Figure 3.4. Comparison of vectorized code in GPU and CPU. Simulation times are shown as a 

function of iteration number. 
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3.2.3. Using arrayfun Command 

To improve the GPU effect in the computation speed with Matlab, arrayfun 

command is the best alternative. The general definition of this command is as 

follows: [A B ...]=arrayfun(FUN,C,D,...). This command applies a function 

represented as FUN to each element of the intended C and D arrays [31].  The 

resulting arrays are C and D. The important point here is that all inputs must have 

the same size or should be a scalar input. This command is a convenient option for 

parallelization because it takes the task of sending elements of the input arrays in a 

certain order. In addition, if the input arrays are defined in the GPU and the arrayfun 

command is used, FUN function can be applied by different GPU processors. The 

biggest problem using this command is the size of the inputs which must be the 

same. In the computational loops of the HMMDI simulations, a number of arrays are 

used with different array sizes. To benefit the advantages of arrayfun, their sizes 

should be arranged. All arrays in the loop need to reach the maximum dimensional 

array size in the loop. It is also necessary to shape these matrices in the order they 

are used in the loop. arrayfun command takes entries from matrices in a certain 

order that cannot be changed, therefore matrices are formed according to the loop 

structure of the equation and arrayfun gets the input in the order required. To 

reshape the matrices according to desired order, repmat command is used. This 

command copies an array in the desired direction so the array can be used many 

times in arrayfun. The same simulation geometry is solved with arrayfun. The 

simulation results are shown in Table 3.5. This time, both simulations run in GPU 

domain and the effects of arrayfun are observed.  arrayfun can run the code 

approximately 2 times faster than the vectorized code in GPU for Matlab. In 

addition, arrayfun solution is 8 times faster than the solution in the CPU domain for 

Matlab. It is a good improvement for the computation speed. 
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Table 3.5. Comparison of arrayfun and vectroized code in CPU and GPU. 

Iteration number Vectorized Code 

in CPU (s) 

Vectorized Code in 

GPU (s) 

arrayfun (s) 

100 32.42 10.4 10.4 

1000 325.57 88.08 51.9 

3000 950.27 261.28 140.2 

5000 1509.7 430.3 231.6 

 

 

 

Figure 3.5. Comparison of arrayfun and vectorized code in GPU and CPU. Simulation times are 

shown as a function of iteration number. 
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3.2.4. Effect of parfor Command 

By the help of arrayfun, great improvement in the computation speed is provided but 

there is still a problem about using the full capacity of Tesla K20. It is a powerful 

card which has 2496 CUDA cores and 5 GB memory. To use this card more 

efficiently, a method is advised with the parfor command. This command can run 

more than one function at the same time in Matlab. In HMMDI, lots of scan points 

should be analyzed to generate imaging data. By using the parfor command, same 

function can be performed for different scan points. This means that the HMMDI 

electromagnetic solution function solves more than one scan point at the same time. 

HP Z820 workstation also contains one more GPU card which is Quadro K600. It is 

not a powerful GPU card but it can be used as an auxiliary worker since lots of point 

are solved at the same time. 

Table 3.6. Final results with parfor 

Simulation type 1 point scanning 17 points scannig 

parfor with arrayfun in GPU - 1.1 hour 

Vectorization in CPU 1.2 hour 20.4 hour 

 

In HMMDI, the solution procedure of electromagnetic FDTD is as shown in Figure 

3.6. 

 

 

Figure 3.6. Numerical solution procedure of the HMMDI 

 

In the preparation parts, the definition of the variables used in the loops are 

introduced, consequently, the time required for this process is short, in the order of 
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seconds. In the HMMDI solution, 4 preparing parts exist, therefore the time used for 

these parts is not very important. In the Figure 3.6, totally 7200 loops exist and these 

loops repeat two times. For the simulation of each scanning point, 14400 loops are 

used. Generally, 17 points scanning is run in the HMMDI examples. According to 

the results shown in Table 3.6, 17 points scanning by using parfor is completed in 

1.1 hours, however 1 point scan with the vectorization method in CPU 1.2 hour. To 

conclude, approximately 19 times acceleration is achieved by using GPU in Matlab.  

 

3.3. Conclusion 

In this chapter, simulation time of the HMMDI forward problem is analyzed. Some 

acceleration techniques are implemented using Matlab functions and the parallel 

processing toolbox. First technique is vectorization and it can be implemented in the 

CPU domain. It is shown that it is a good alternative to accelerate the computation 

without GPU. Secondly, GPU is introduced. GPU has small cores which has 

capability of doing computations parallel. By using the Matlab library, effective 

acceleration is achieved. The easiest way is to carry all domains from CPU to GPU 

by the help of gpuArray command. In addition, the acceleration approached higher 

levels by using the arrayfun command. Finally, since in the HMMDI project there is 

Tesla K20 GPU card, which is very powerful, many scanning points are solved at the 

same time by using the parfor command. It gives an acceleration about 19 times in 

the Matlab domain. 
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CHAPTER 4  

 

4. IMPLEMENTATION OF HMMDI FOR DIFFERENT BREAST MODELS 

 

HMMDI method is studied for different types of breast models: i) Homogenous fat 

model, ii) homogeneous fibro-glandular inside fat model, and iii) realistic tissue 

model. For each breast model, mechanical and electromagnetic simulations are run 

and the resultant data are analyzed. Parallel programming algorithm is used in all 

electromagnetic simulations. 

 

4.1. Tumor Inside Homogenous Fat Model 

To observe the results of the HMMDI method, firstly homogenous simulation 

geometry (Figure 4.1) is created. TX and RX antennas are water filled (𝜀𝑟𝑤𝑎𝑡𝑒𝑟 =

77.15⁡𝜎𝑤𝑎𝑡𝑒𝑟 = 4.41⁡𝑆/𝑚). Under the antennas, there is a 2 mm skin layer, and 

under the skin layer there is homogenous fat tissue model. A tumor model with the 

size of 3 mm × 3 mm × 3 mm is defined in the middle of the tissue model. All 

electrical properties of the mediums are shown in the figure. CPML boundaries are 

added to the geometry with a layer thickness of 10 mm at each face to prevent 

reflections from the boundaries in the simulation. In this simulation, the tumor depth 

is changed and scattered and Doppler component of the signal are analyzed. 

Simulation parameters are shown in  Table 4.1. 
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Figure 4.1. Homogenous simulation geometry [11]. 

 

Table 4.1. Parameters of the homogenous simulation geometry (Figure 4.1). 

Frequency 5 GHz 

Size of each cell in x, y, z axis 1 mm 

Time step 1.1050∙ 10−12 s 

Number of iterations 3600 

Maximum displacement 10∙ 10−6 m 

 

In electromagnetic simulations, two simulations are made to find the Doppler 

component of the signal. In the first simulation, the tumor is at its original position 

(minimum displacement=0 micron). The electric fields in the tumor region is stored 

at each iteration while the transmitter antenna is radiating. In the second simulation, 

the targeted area is replaced by its volume equivalent electric current distribution 

according to volume equivalence principle. TX antenna is not radiating since volume 

equivalent source is used. The volume equivalent current can be calculated from: 

𝐽 𝑒𝑞 = (𝜀𝑜𝑏𝑗 − 𝜀𝑏)
𝑑𝐸⃗ 𝑜𝑏𝑗

𝑑𝑡
+ (𝜎𝑜𝑏𝑗 − 𝜎𝑏)𝐸⃗ 𝑜𝑏𝑗                                       4-1 

where 𝐽 𝑒𝑞 is the volume equivalent electric current density distribution, 𝜀𝑜𝑏𝑗 and 𝜀𝑏 

are the permittivity of the tumor and the background tissue, 𝜎𝑜𝑏𝑗 and 𝜎𝑏 are the 
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conductivity of the tumor and the background tissue and 𝐸⃗ 𝑜𝑏𝑗 is the  stored electric 

field. The frequency domain signal at RX antenna obtained after the second 

simulation is divided with the signal transmitted from the TX antenna at the first 

simulation: 

𝑆𝑅𝑋_𝑚𝑎𝑖𝑛 =
|𝐸𝑡2_𝑚𝑖𝑛𝑑𝑖𝑠𝑝|

|𝐸𝑡1_𝑚𝑖𝑛𝑑𝑖𝑠𝑝|
                                                           4-2  

where  𝑆𝑅𝑋_𝑚𝑎𝑖𝑛 is the amplitude of the main frequency component, 𝐸𝑡2_𝑚𝑖𝑛𝑑𝑖𝑠𝑝 is 

the total electric field at the RX antenna for the minimum displaced tissue 

simulation, 𝐸𝑡1_𝑚𝑖𝑛𝑑𝑖𝑠𝑝 is total electric field at the TX antenna for the minimum 

displaced tissue simulation.  

To calculate the Doppler component, the same simulations are run for the maximum 

displacement case. The phase difference between RX signal in the maximum 

displaced simulation and RX signal in the minimum displaced simulation is 

calculated.  Phase difference is calculated in the frequency domain, so Discrete Time 

Fourier Transform is used. The Doppler component is calculated with the following 

formula: 

𝑆𝑅𝑋_𝐷𝑜𝑝𝑝𝑙𝑒𝑟 =
|𝐸𝑠2_𝑚𝑖𝑛𝑑𝑖𝑠𝑝|

|𝐸𝑡1_𝑚𝑖𝑛𝑑𝑖𝑠𝑝|
(
𝐴𝑟𝑔(𝐸𝑠2𝑚𝑎𝑥𝑑𝑖𝑠𝑝)−𝐴𝑟𝑔(𝐸𝑆2𝑚𝑖𝑛𝑑𝑖𝑠𝑝)

2
)       4-3 

where 𝐸𝑠2_𝑚𝑖𝑛𝑑𝑖𝑠𝑝 is the scattered electric field at the RX port in the minimum 

displaced simulation, 𝐸𝑡1_𝑚𝑖𝑛𝑑𝑖𝑠𝑝 is the transmitted signal applied from TX port in 

the minimum displaced simulation. 𝐴𝑟𝑔(𝐸𝑠2𝑚𝑎𝑥𝑑𝑖𝑠𝑝) − 𝐴𝑟𝑔(𝐸𝑆2𝑚𝑖𝑛𝑑𝑖𝑠𝑝) is the 

phase difference between the scattered signal at the RX port in the maximum 

displacement simulation and scattered signal at the RX port in the minimum 

displacement simulation. 

For this simulation, the maximum displacement is assumed to be 10 microns in the 

tumor region and the minimum displacement is assumed zero in the same region. 

The results are shown in Figure 4.2. The results are validated with results reported in 
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[11]. It is observed that, the pattern is the same and a maximum of 5 dB difference 

exists between the two results.  

 

Figure 4.2. Electromagnetic simulation results obtained by the developed FDTD code for tumor 

inside homogenous fat model. Figure 4.1 shows the simulation geometry. Scattered signal and 

Doppler component values are plotted as a function of tumor depth between 0 mm and 50 mm. 

 

In the second simulation, the simulation geometry is changed. The antennas are 

assumed to be oil filled and their polarizations are changed. Also, both antennas are 

settled into the water.  Under the antennas, a 2 mm glass layer exists. Tissue is 

selected as fat model under the glass. Finally, there is a tumor model in 30 mm depth 

according to the antennas' bottom surface. Size of the tumor model is 3 mm × 3 mm 

× 3 mm. FUS Transducer is at the bottom of the simulation domain. 10 cells of 

CPML region exists in three dimensions. The simulation geometry is shown in 

Figure 4.3. 
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Figure 4.3. Simulation geometry of tumor model inside homogenous fat model. Polarization of 

antennas is different from Figure 4.1. The antennas are oil filled and settled into the water. 2 mm 

glass layer exists under the antennas. Tissue is fat and tumor is in 30 mm depth. 

 

Firstly, mechanical simulation is made using the simulation parameters shown in 

Table 4.2. Acoustic intensity values in the tissue are obtained by using HIFU 

simulator [32].  Then, force values are calculated according to equation 2-1. Force 

distribution as a function of the depth is shown in Figure 4.4. 
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Table 4.2. Mechanical simulation parameters of second simulation 

Outer radius of transducer 2.1 cm 

Inner radius of transducer 1 cm 

Speed of ultrasound in fat 1450 m/s 

Focal length of the transducer 0.03 m 

Frequency of the ultrasound 3.3 MHz 

Source frequency 35 Hz 

Radius of the transducer 0.01 m 

Young's Constant in breast tissue 5 kPa 

Young's Constant in tumor 20 kPa 

 

 

 

 

Figure 4.4. Force distribution of the transducer for tumor model in homogenous tissue model case 
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For this simulation geometry, y and z axis ultrasound scanning are performed. 

Firstly, ±16⁡𝑚𝑚⁡scanning is applied in y axis. The displacement values are recorded 

at the time when the displacement is maximum and minimum in the first period of 

displacement data. These values are recorded at all ultrasound coordinates in y axis. 

Figure 4.5 shows the maximum displacement values in each y coordinate. The 

displacement values are decreasing in the tumor region because tumor is stiffer than 

the fat tissue. 

 

 

Figure 4.5. Mechanical simulation results obtained by the developed FDTD code. Figure 4.3 shows 

the simulation geometry. Modulation frequency is 35 Hz. Maximum displacement values at the focal 

point of the FUS are plotted for scan points in y direction between -16 mm and 16 mm. 

 

After saving the displacement values, electromagnetic simulation is conducted. 

Received Doppler signal amplitude in each y coordinate is shown in Figure 4.6. It is 

seen that the signal level increases in the tumor region since the tumor is in the 

middle of the y axis. As expected, the signal changes symmetrically around the 

tumor position. 
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Figure 4.6. Electromagnetic simulation results obtained by the developed FDTD code for tumor 

inside homogenous fat model. Figure 4.3 shows the simulation geometry. Received Doppler signal 

amplitude values are plotted according to the scan points in y direction between -16 mm and 16 mm. 

 

Next, the simulation results are recorded by scanning the z axis. In each case, the 

received Doppler amplitude is calculated as a function of the distance between the 

ultrasound focus and skin boundary in the range of 10 mm to 55 mm. The tumor 

center is at z=30 mm. The received signal amplitude according to distance in z 

direction is shown in Figure 4.7. It is observed that as the focus point approaches to 

the tumor, the signal level increases. It decreases as the distance to the tumor center 

increases. 
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Figure 4.7. Received Doppler signal amplitude as a function of the distance between the ultrasound 

focus and tumor center (z=30 mm).  

 

4.2. Tumor Inside Homogeneous Fibro Glandular Tissue in Fat 

In this part of the thesis study, the performance of the HMMDI method is tested 

using simulations when the tumor model is located in the fibro glandular tissue 

model. Note that electrical parameters of the fibro glandular tissue are the same with 

the tumor's electrical parameters, however their mechanical properties are different. 

The simulation geometry is shown in Figure 4.8. Tumor model is located in the fibro 

glandular tissue model. Upper face of the fibro glandular tissue model is at 25 mm 

depth. The size of the fibro glandular is 27 mm × 27 mm × 12 mm. Tumor model 

exists at the top surface of the fibro glandular tissue model. The size of the tumor 

model is 3 mm × 3 mm × 3 mm. Electrical properties of the mediums are shown in 

Table 4.3. 
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Table 4.3. Electrical properties of the mediums used in the simulation geometry (Figure 4.8) [10]. 

Material Type Relative permittivity Conductivity (S/m) 

Fat phantom 10 0.41 

Tumor 50.52 4.92 

Fibro glandular tissue 50.52 4.92 

Glass 5.5 0 

Antennas (Oil) 2.6 0.083 

Water 77.15 4.406 

 

 

 

Figure 4.8. Tumor in fibro glandular tissue simulation geometry [16]. 

Since the same FUS transducer is used, the force distribution calculated for the 

homogeneous breast model is used in this simulation. Mechanical properties are also 
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the same except Young's Modulus constants and the ultrasound modulation 

frequency. The elasticity parameters are shown in Table 4.4.  

 

Table 4.4. Elasticity parameters of tumor in fibro glandular tissue simulation 

Poisson constant 0.495 

Frequency 3.3 MHz 

Modulation frequency 15 Hz 

Young's Constant in breast tissue 4320 Pa 

Young's Constant in fibro glandular tissue 16720 Pa 

Young's Constant in tumor 76960 Pa 

 

FUS transducer scans in the y direction around ±16⁡𝑚𝑚 from the tumor center with 

2 mm steps. Maximum and minimum displacements in the first period of the 

displacement are calculated at each y coordinate and shown in  Figure 4.9. 

Maximum displacement values decrease from fat to fibro glandular tissue since 

Young Modulus of the fibro glandular tissue is greater than fat's modulus. 

Furthermore, maximum displacement values decrease as the FUS transducer moves 

from fibro glandular to tumor region, because tumor's Young's Modulus is 

approximately 6 times greater than fibro glandular's Young's Modulus. 
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Figure 4.9. Mechanical simulation results for tumor inside fibro glandular tissue in fat. Figure 4.8 

shows the simulation geometry. Modulation frequency is 15 Hz. Maximum and minimum 

displacement values at the focal point of the FUS are plotted for scan points in y direction between -

16 mm and 16 mm. 

 

Electromagnetic simulation is made by using this mechanical data. The results are 

shown in Figure 4.10. According the electromagnetic simulations, tumor can be 

distinguished from the fibro glandular tissue. The signal value decreases as the focus 

point moves from fat to fibro glandular and fibro glandular to tumor. 15 dB 

difference occurs when focus point passes from fibro glandular tissue to tumor 

region. 
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Figure 4.10. The received Doppler signal versus scan position in y direction. Electromagnetic 

simulation results when a tumor is in the fibro glandular tissue (Figure 4.8). The modulation 

frequency is 15 Hz. 

 

Another simulation is made to understand the effects of tumor location. The Doppler 

signal pattern is analyzed when the tumor is displaced by 4 mm in the –y axis 

direction. Firstly, a mechanical simulation is made. Figure 4.11 shows that the signal 

pattern shifts by 4 mm compared to the signal pattern presented in Figure 4.9. 
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Figure 4.11. Mechanical simulation results for tumor inside fibro glandular tissue in fat. Figure 4.8 

shows the simulation geometry but the tumor is shifted by 4 mm in –y direction. Modulation 

frequency is 15 Hz. Maximum and minimum displacement values at the focal point of the FUS are 

plotted for scan points in y direction between -16 mm and 16 mm. 

 

Figure 4.12 shows the results when the electromagnetic simulation is run according 

to this mechanical data. The plot is shifted by 4 mm in y axis compared to Figure 

4.10 but there is an asymmetry between right and left side of the plot. The 

asymmetry can be explained as follows: The distance of the tumor from the 

transmitter antenna is different from the distance from receiver antenna, so the losses 

of the receive and transmit paths are different from each other. This difference leads 

to nonequal Doppler signal amplitude on the right and left side of the tumor.   
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Figure 4.12. Electromagnetic simulation results for tumor inside fibro glandular tissue in fat. Figure 

4.8 shows the simulation geometry but the tumor is shifted by 4 mm in –y direction. Modulation 

frequency is 15 Hz. Received Doppler signal amplitude values are plotted for scan points in y 

direction between -16 mm and 16 mm. 

 

To restore symmetry, antennas are also displaced according to center of the shifted 

tumor and electromagnetic simulation is repeated. The symmetry is restored when 

there is symmetry between antennas and the tumor (Figure 4.13). 
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Figure 4.13. Received Doppler signal amplitude when the tumor is displaced by 4 mm in the –y axis. 

The antennas are shifted to restore the symmetry. 

 

The tumor is shifted by 10 mm in the –y axis in the next simulation. The mechanical 

results are shown in Figure 4.14. It is observed that center of the tumor is displaced 

by 10 mm as expected.  
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Figure 4.14. Displacement values when the tumor is displaced by 10 mm in the –y axis. 

 

Electromagnetic simulation of this experiment is also made and this time antennas 

are directly shifted according to tumor’s center position to satisfy the symmetry 

according to previous experience. Figure 4.15 shows the Doppler signal levels as a 

function of scanning in y direction. Since the antennas are also shifted the plot is 

symmetric. 
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Figure 4.15. Electromagnetic simulation of tumor displaced by 10 mm in the –y axis and antennas are 

shifted. 

 

4.3. Tumor Inside Realistic Tissue Model 

Previous studies are made with a homogenous background tissue, but breast tissues 

are not homogenous. Breast contains lobules and connective tissues which make it 

inhomogeneous. University of Wisconsin Cross-Disciplinary Electromagnetics 

Laboratory (UWCEM) has a 3-D breast phantom electromagnetic data repository 

[33]. There are different types of phantom examples in this repository. Mainly, 

breast phantoms are classified according to ACR (American College of Radiology). 

These categories are created according to content of the fibro glandular density 

within breasts [34]. The properties of these phantoms are presented in Table 4.5. 
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Table 4.5. Breast phantom types according to ACR 

Phantom Type Definition 

Class I Entirely fat 

Class II Includes scattered fibro glandular densities 

Class III Heterogeneously dense 

Class IV Extremely dense 

 

In this study, Class III type breast phantom data is used. This type of breast includes 

fibro connective/glandular, fatty and glandular tissues. Fibro glandular areas are 

heterogeneously dense in this type of tissue which may obscure small tumors. The 

simulation geometry is shown in Figure 4.16. 

 

 

Figure 4.16. Realistic tissue simulation model based on Class III type of phantom data according to 

ACR. 
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Then mechanical simulations are made for modulation frequencies of f=15 Hz, f=20 

Hz and f=30 Hz. The same transducer is used as in the homogenous tissue example. 

There is a tumor model at 30 mm depth. Tumor model is represented as a 3 mm x 3 

mm x 3 mm cube. Young Modulus of the tumor and realistic tissue are assumed 

20000 Pa and 5000 Pa, respectively. Cell sizes are assumed 1 mm in all directions. 

The results are shown in Figure 4.17, Figure 4.18 and Figure 4.19. When the tumor 

is absent, there is no change in the displacement. Tumor’s existence decreases the 

displacement values as expected. In addition, displacement values decrease with 

increasing modulation frequency. 

 

 

Figure 4.17. Maximum displacement values calculated when there is no tumor in the breast model. 

Maximum displacement values are also calculated when there is tumor in the middle (Modulation 

frequency f=15 Hz). 
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Figure 4.18. Maximum displacement values calculated when there is no tumor in the breast model. 

Maximum displacement values are also calculated when there is tumor in the middle (Modulation 

frequency f=20 Hz). 
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Figure 4.19. Maximum displacement values calculated when there is no tumor in the breast model. 

Maximum displacement values are also calculated when there is tumor in the middle (Modulation 

frequency f=30 Hz). 

 

After the mechanical simulations, electromagnetic simulations are run with these 

mechanical outputs. Electrical parameters of Class III breast tissue model are used in 

the simulation. Reduced portion of the model is used in these simulations. In Figure 

4.20, Figure 4.21 and Figure 4.22 x, y and z cross sectional views of the model are 

shown. The model employed in the simulations are shown in the corresponding 

rectangular regions. Tumor is shown as a small rectangle in the figures. In these 

simulations, dimensions of the breast model are 60 mm x 60 mm x 68 mm. 10 cells 

PML exists in each direction. The microwave operation frequency is 5 GHz. The 

other details are shown in Figure 4.16.  
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Figure 4.20. The relative permittivity distribution in the x=75 mm cross section of the Class III 

realistic breast tissue model [20]. The portion of the model used in the simulations is shown in the 

rectangular region. Tumor is shown as dark square region in the middle. 
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Figure 4.21. The relative permittivity distribution in the y=81.5 mm cross section of the Class III 

realistic breast tissue model [20]. The portion of the model used in the simulations is shown in the 

rectangular region. Tumor is shown as dark square region in the middle. 
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Figure 4.22. The relative permittivity distribution in the z=59 mm cross section of the Class III 

realistic breast tissue model [20]. The portion of the model used in the simulations is shown in the 

rectangular region. Tumor is shown as dark square region in the middle. 
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Figure 4.23. Electromagnetic simulation results for tumor inside real breast tissue for Class III. Figure 

4.16 shows the simulation geometry. Modulation frequency is 15 Hz. Received Doppler signal 

amplitude values are plotted for scan points in x direction between -8 mm and 8 mm. 

 

Figure 4.24. Electromagnetic simulation results for tumor inside real breast tissue for Class III. Figure 

4.16 shows the simulation geometry. Modulation frequency is 20 Hz. Received Doppler signal 

amplitude values are plotted for scan points in x direction between -8 mm and 8 mm. 
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Figure 4.25. Electromagnetic simulation results for tumor inside real breast tissue for Class III. Figure 

4.16 shows the simulation geometry. Modulation frequency is 30 Hz. Received Doppler signal 

amplitude values are plotted for scan points in x direction between -8 mm and 8 mm. 

 

In these electromagnetic simulations, different modulation frequencies are applied. 

Simulation results are obtained for two cases, namely, when there is no tumor and 

when there is a tumor region in the breast model. The Doppler signal amplitudes are 

drawn together and difference between them is analyzed. Tumor exists in -1, 0, +1 

region in the x axis. The simulation results are shown in Figure 4.23, Figure 4.24 and 

Figure 4.25. In these results, Doppler signal changes in the tumor region. Existence 

of the tumor reduces the received Doppler signal amplitude maximum 0.7 dB. For 

all modulation frequencies, tumor can be detected in the realistic simulation domain. 

The graphics are not symmetric because dielectric distribution of the geometry is not 

homogenous. Doppler signals are affected from this distribution. 
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Figure 4.26. Electromagnetic simulation results for tumor inside real breast tissue for Class III. 

Modulation frequency is 15 Hz. Tumor region is shown with arrows. Doppler signal difference 

between tumor is absent and tumor is present are plotted for scan points in x direction between -8 mm 

and 8 mm together with y direction between -8 mm and 8 mm. 

 

Figure 4.27. Electromagnetic simulation results for tumor inside real breast tissue for Class III. 

Modulation frequency is 30 Hz. Tumor region is shown with arrows. Doppler signal difference 

between tumor is absent and tumor is present are plotted for scan points in x direction between -8 mm 

and 8 mm together with y direction between -8 mm and 8 mm. 
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In addition to 1 dimensional scanning, 2 dimensional scanning is performed for 

Class III type example. The simulation results are shown in Figure 4.26 and Figure 

4.27. Difference in received Doppler signal amplitude between tumor is absent and 

tumor is present is analyzed. Tumor exists in -1, 0, +1 region in the x axis and -1, 0, 

+1 region in y axis. The maximum Doppler signal difference is seen in the tumor 

region for modulation frequencies f=15 Hz and f=30 Hz. 

In next example, Class IV type breast phantom data is used. This type of breast 

includes fibro connective/glandular, fatty and glandular tissues as Class III but fibro 

glandular areas are extremely dense in this type of tissue. The same simulation 

geometry (Figure 4.16) is used in this simulation. The mechanical simulations are 

made for modulation frequencies of f=15Hz. and f=30 Hz. Elastic properties of the 

medium are same with Class III so the mechanical results (Figure 4.17 and Figure 

4.19) do not change  according to Class III.  In electromagnetic simulations, reduced 

portion of the class IV model is used. In Figure 4.28, Figure 4.29 and Figure 4.30 x, 

y and z cross sectional views of the model are shown. The model employed in the 

simulations are shown in the corresponding rectangular regions. Tumor is shown as 

a small rectangle in the figures. 



 

 

 

70 

 

 

Figure 4.28. The relative permittivity distribution in the x=54.5 mm cross section of the Class IV 

realistic breast tissue model [20]. The portion of the model used in the simulations is shown in the 

rectangular region. Tumor is shown as dark square region in the middle. 
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Figure 4.29. The relative permittivity distribution in the y=74.5 mm cross section of the Class IV 

realistic breast tissue model [20]. The portion of the model used in the simulations is shown in the 

rectangular region. Tumor is shown as dark square region in the middle. 
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Figure 4.30. The relative permittivity distribution in the z=67.5 mm cross section of the Class IV 

realistic breast tissue model [20]. The portion of the model used in the simulations is shown in the 

rectangular region. Tumor is shown as dark square region in the middle. 
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Figure 4.31. Electromagnetic simulation results for tumor inside real breast tissue for Class IV. 

Figure 4.16 shows the simulation geometry. Modulation frequency is 15 Hz. Received Doppler signal 

amplitude values are plotted for scan points in x direction between -8 mm and 8 mm. 
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Figure 4.32. Electromagnetic simulation results for tumor inside real breast tissue for Class IV. 

Figure 4.16 shows the simulation geometry. Modulation frequency is 30 Hz. Received Doppler signal 

amplitude values are plotted for scan points in x direction between -8 mm and 8 mm. 

 

The electromagnetic simulation results for Class IV real breast tissue model are 

shown in Figure 4.31 and Figure 4.32. 15 Hz and 30 Hz modulation frequencies are 

used. The microwave operation frequency is 5 GHz. The received Doppler signal 

amplitudes in the presence and absence of tumor are plotted together. Doppler signal 

with and without the tumor is different in [-1, +1] region on x axis. Existence of the 

tumor reduces the received Doppler signal amplitude maximum 0.7 dB for Class IV 

type. Difference between Doppler signals decreases with increasing modulation 

frequency. Although fibro glandular areas are extremely dense in Class IV type 

tissue, tumor region can be distinguished for all modulation frequencies.  
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In final example, Class II type breast phantom data is used. This type of breast 

includes scattered fibro glandular tissues but fibro glandular areas are not dense as 

Class III and Class IV type of tissue. The same simulation geometry (Figure 4.16) is 

used in this simulation. The mechanical simulations are made for modulation 

frequencies of f=15Hz. and f=30 Hz. Elastic properties of the medium are same with 

Class III and Class IV, then mechanical results (Figure 4.17 and Figure 4.19) do not 

change. In electromagnetic simulations, reduced portion of the class II model is 

used. In Figure 4.33, Figure 4.34 and Figure 4.35 x, y and z cross sectional views of 

the model are shown. The model employed in the simulations are shown in the 

corresponding rectangular regions. Tumor is shown as a small rectangle in the 

figures. 

 

 

Figure 4.33. The relative permittivity distribution in the x=69.5 mm cross section of the Class II 

realistic breast tissue model [20]. The portion of the model used in the simulations is shown in the 

rectangular region. Tumor is shown as dark square region in the middle. 
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Figure 4.34. The relative permittivity distribution in the y=72.5 mm cross section of the Class II 

realistic breast tissue model [20]. The portion of the model used in the simulations is shown in the 

rectangular region. Tumor is shown as dark square region in the middle. 
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Figure 4.35. The relative permittivity distribution in the z=75.5 mm cross section of the Class II 

realistic breast tissue model [20]. The portion of the model used in the simulations is shown in the 

rectangular region. Tumor is shown as dark square region in the middle. 
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Figure 4.36. Electromagnetic simulation results for tumor inside real breast tissue for Class II. Figure 

4.16 shows the simulation geometry. Modulation frequency is 15 Hz. Received Doppler signal 

amplitude values are plotted for scan points in x direction between -8 mm and 8 mm. 
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Figure 4.37. Electromagnetic simulation results for tumor inside real breast tissue for Class II. Figure 

4.16 shows the simulation geometry. Modulation frequency is 30 Hz. Received Doppler signal 

amplitude values are plotted for scan points in x direction between -8 mm and 8 mm. 

 

In these electromagnetic simulations, f=15 Hz and f=30 Hz modulation frequencies 

are applied. The microwave operation frequency is 5 GHz. The results are shown in 

Figure 4.36 and Figure 4.37. Simulations are run with and without the tumor in the 

breast model.  Doppler signal changes again in the tumor region as in Class III and 

Class IV models but this time, the signal when tumor exists is higher than the signal 

when tumor does not exist. Since the region has low densities, Doppler signal 

increases in the tumor region as in the homogenous breast tissue model. Tumor is 

detected for two modulation frequencies. 
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4.4. Conclusions 

In this chapter, different scenarios are solved for the HMMDI problem. Three types 

of tissue models are introduced. Initially tumor inside a homogenous tissue is 

modelled. In this problem, Doppler signal increases in the tumor region. Secondly, 

tumor in the fibro glandular region is modelled. Tumor and fibro glandular tissue has 

the same electrical properties but their mechanical properties are different. Doppler 

signal level decreases in the tumor region compared to the fibro glandular region and 

the tumor is detected. Finally, tumor in a realistic breast tissue model problem is 

solved. Class II, III and IV type real breast models are used for simulations. 

According to these simulations, Doppler signal level changes when tumor exists and 

by the help of this difference in signal level, tumor can be detected. Simulations are 

repeated for different vibration frequencies between 15 Hz and 30 Hz.  
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CHAPTER 5  

 

5. CONCLUSIONS AND FUTURE WORK 

 

In this thesis, simulation studies about the Harmonic Motion Microwave Doppler 

Imaging (HMMDI) method are performed. According to the HMMDI method, tumor 

in breast tissue can be found by using both electrical and mechanical properties of 

the tissues. By using this idea, a setup is introduced. The setup includes two 

waveguide antennas, focused ultrasound and a tissue model. Transmitter antenna 

applies electromagnetic waves and at the same time focused ultrasound induces 

vibration in the tissue. Vibration changes the phase and amplitude of the signal 

received from the receiver antenna. The data is analyzed to detect the presence and 

location of a tumor in the tissue. 

For simulations, electrical and mechanical 3-D FDTD algorithms were used. 

Initially, a mechanical FDTD code was implemented in Matlab. A simulation 

domain was defined and the displacement values at the center of the tumor were 

calculated. The same simulations were also made using COMSOL Multiphysics 

program. The solution of the developed code was verified by comparing its results 

with the COMSOL results. The simulation results showed that in the tumor region 

displacement values decrease compared to the normal tissue because tumor is stiffer 

than the breast tissue (i.e., the Young Modulus of the tumor is greater than that of the 

normal breast tissue). Furthermore, different source frequencies between 15 Hz and 

30 Hz were used in the mechanical simulations. According to these simulations, 

increasing frequency decreases the displacement values, as expected.  

Secondly, electromagnetic problem was studied. Electromagnetic 3-D FDTD 

equations were implemented. To prevent the reflections at the boundaries, the CPML 

method was implemented to the 3-D FDTD equations. Then, in order to show the 
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effect of vibrations around tumor cells, sub-cell method was implemented to the 

same equations. To conclude, the solution method for the forward problem of the 

HMMDI method was introduced. This method was solved with combination of the 

electromagnetic and mechanical solutions.  

One important problem of the simulation for the HMMDI method is the computation 

time since the electromagnetic and mechanical simulations works with thousands of 

iterations. In this thesis, some acceleration methods were implemented. These 

methods need software and hardware implementations. GPU card with workstation 

shows the fastest result as the hardware. By the help of arrayfun and parfor 

command in Matlab, effective accelerations were provided. Matlab programming 

language was preferred because mathematical simulations for HMMDI method are 

easy to implement with this language. On the other hand, better accelerations can be 

achieved with other programming languages.   

Tests were performed on different tissue types to understand the effectiveness of the 

method. Firstly, tumor in homogenous breast fat was studied. Tumor was detected in 

y axis and z axis scanning. Doppler signal amplitude increases at the tumor region. 

Secondly, tumor was placed in the fibro-glandular tissue. Fibro-glandular tissue and 

tumor have similar electrical properties, therefore it is difficult problem to detect the 

tumor when it is in the fibro glandular tissue. Because of the fact that tumor is stiffer 

than fibro glandular, the received Doppler signal varies between tumor and fibro-

glandular tissue. At the tumor region, Doppler signal level decreased compared to 

the fibro glandular region and tumor was detected. Finally, realistic tissue models 

were used. Tissue models were taken from the UWCEM phantom library. The 

simulations were done by analyzing two cases; when tumor is absent, and when a 

tumor exists in the breast model. When tumor exists, Doppler signal level change in 

the tumor region and the tumor can be detected for different frequencies. All these 

examples show the effectiveness of the HMMDI method. 
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In this thesis, implementation of the HMMDI was tested for various type of tissues 

and acceleration methods for the computation were suggested. To improve the 

capability of the method, following points should be investigated in the future. The 

work list is as follows: 

• Make 3-D scanning of the tissue models 

• To understand the effects of dielectric changes on the Doppler signals 

• Developing reconstruction algorithms to precisely define the location and 

shape of the tumor 

• Implementation of the parallel programming algorithms in other 

programming languages. 
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6. APPENDICES 

 

A. Equations of Electromagnetic 3-D FDTD 

Maxwell equations are as follows: 

−𝜇
𝜕𝐻

𝜕𝑡
= ∇ × 𝐸 = ||

𝑎𝑥̂ 𝑎𝑦̂ 𝑎𝑧̂

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐸𝑥 𝐸𝑦 𝐸𝑧

|| 
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𝜎𝐸 + 𝜖
𝜕𝐸

𝜕𝑡
= ⁡∇ × 𝐻 = ||

𝑎𝑥̂ 𝑎𝑦̂ 𝑎𝑧̂

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐻𝑥 𝐻𝑦 𝐻𝑧

|| 
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The parameters used in the Maxwell equations are given in Table 6.1. 

Table 6.1. Parameters of the Maxwell equations 

𝐻 Magnetic field 

𝐸 Electric field 

𝜖 Permittivity 

𝜇 Permeability 

𝜎 Conductivity 

 

After the cross product is applied to E and H fields, the equations are calculated at 

the evaluation points in Yee grid (Figure 2.5) as follows: 

−𝜇
𝜕𝐻𝑥

𝜕𝑡
=

𝜕𝐸𝑧

𝜕𝑦
−

𝜕𝐸𝑦

𝜕𝑧
|
𝑥=𝑚Δx,y=(n+1/2)Δy,z=(p+1/2)Δz,t=qΔt
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𝜕𝑡
=

𝜕𝐸𝑥

𝜕𝑧
−

𝜕𝐸𝑧

𝜕𝑥
|
𝑥=(𝑚+1/2)Δx,y=nΔy,z=(p+1/2)Δz,t=qΔt
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𝜕𝑥
−

𝜕𝐸𝑥

𝜕𝑦
|
𝑥=(𝑚+1/2)Δx,y=(n+1/2)Δy,z=pΔz,t=qΔt
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𝜎𝐸𝑥 +
𝜕𝐸𝑥

𝜕𝑡
=

𝜕𝐻𝑧

𝜕𝑦
−

𝜕𝐻𝑦

𝜕𝑧
|
𝑥=(𝑚+1/2)Δx,y=nΔy,z=pΔz,t=(q+1/2)Δt
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𝜕𝑥
|
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These equations can be written in discrete form as follows: 
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𝐸𝑧
𝑞
[𝑚, 𝑛, 𝑝 +

1

2
]

+
1

1 +
𝜎∆𝑡
2𝜖

{
Δ𝑡

𝜖Δ𝑥
{𝐻𝑦

𝑞+
1
2 [𝑚 +

1

2
, 𝑛, 𝑝 +

1

2
]

− 𝐻𝑦

𝑞+
1
2 [𝑚 −

1

2
, 𝑛, 𝑝 +

1

2
]}

−
Δ𝑡

𝜖Δ𝑦
{𝐻𝑥

𝑞+
1
2 [𝑚, 𝑛 +

1

2
, 𝑝 +

1

2
]

− 𝐻𝑥

𝑞+
1
2 [𝑚, 𝑛 −

1

2
, 𝑝 +

1

2
]}} 
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The parameters used in the 3-D FDTD discrete form equations are given in Table 

6.2. 

 

Table 6.2. Parameters of discrete form of the 3-D FDTD equations 

𝐻x, Hy, Hz Magnetic fields in x, y, z planes 

𝐸 Electric fields in x, y, z planes 

𝑚, 𝑛, 𝑝 Numbers of the subspace parts in the x, y, z planes 

𝑞 Time parameter 

Δ𝑥, Δ𝑦, Δ𝑧 Displacement in x, y, z planes 

Δ𝑡 Change in time 

𝜖 Permittivity 

𝜇 Permeability 

𝜎 Conductivity 
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B. CPML Equations 

CPML method equations are as follows: 

 

𝜓𝑦,𝑧
𝐸

𝑞+
1
2 (𝑚, 𝑛 +

1

2
, 𝑝 +

1

2
)

= 𝑏𝑦𝜓𝑦,𝑧
𝐸

𝑞−
1
2 (𝑚, 𝑛 +

1

2
, 𝑝 +

1

2
)

− 𝑐𝑦 (
𝐸𝑧

𝑞+
1
2 (𝑚, 𝑛 + 1, 𝑘 +

1
2
) − 𝐸𝑧

𝑞+
1
2 (𝑚, 𝑛, 𝑘 +

1
2
)

Δ𝑦
) 

 

 

 

6-15 

 

 

𝜓𝑧,𝑦
𝐸

𝑞+
1
2 (𝑚, 𝑛 +

1

2
, 𝑝 +

1

2
)

= 𝑏𝑧𝜓𝑦,𝑧
𝐸

𝑞−
1
2 (𝑚, 𝑛 +

1

2
, 𝑝 +

1

2
)

− 𝑐𝑧 (
𝐸𝑦

𝑞+
1
2 (𝑚, 𝑛 +

1
2 , 𝑘 + 1) − 𝐸𝑦

𝑞+
1
2 (𝑚, 𝑛 +

1
2 , 𝑘)

Δ𝑧
) 

 

 

 

6-16 

 

 

𝜓𝑧,𝑥
𝐸

𝑞+
1
2 (𝑚 +

1

2
, 𝑛, 𝑝 +

1

2
)

= 𝑏𝑧𝜓𝑧,𝑥
𝐸

𝑞−
1
2 (𝑚 +

1

2
, 𝑛, 𝑝 +

1

2
)

− 𝑐𝑧 (
𝐸𝑥

𝑞+
1
2 (𝑚 +

1
2
, 𝑛, 𝑝 + 1) − 𝐸𝑥

𝑞+
1
2 (𝑚 +

1
2
, 𝑛, 𝑝)

Δ𝑧
) 

 

 

 

 

 

6-17 

 

𝜓𝑥,𝑧
𝐸

𝑞+
1
2 (𝑚 +

1

2
, 𝑛, 𝑝 +

1

2
)

= 𝑏𝑥𝜓𝑥,𝑧
𝐸

𝑞−
1
2 (𝑚 +

1

2
, 𝑛, 𝑝 +

1

2
)

− 𝑐𝑥 (
𝐸𝑧

𝑞+
1
2 (𝑚 + 1, 𝑛, 𝑝 +

1
2) − 𝐸𝑧

𝑞+
1
2 (𝑚, 𝑛, 𝑝 +

1
2)

Δ𝑥
) 

 

 

 

6-18 
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𝜓𝑥,𝑦
𝐸

𝑞+
1
2 (𝑚 +

1

2
, 𝑛 +

1

2
, 𝑝)

= 𝑏𝑥𝜓𝑥,𝑦
𝐸

𝑞−
1
2 (𝑚 +

1

2
, 𝑛 +

1

2
, 𝑝)

− 𝑐𝑥 (
𝐸𝑦

𝑞+
1
2 (𝑚 + 1, 𝑛 +

1
2
, 𝑝) − 𝐸𝑦

𝑞+
1
2 (𝑚, 𝑛 +

1
2
, 𝑝)

Δ𝑥
) 

 

6-19 

 

 

𝜓𝑦,𝑥
𝐸𝐸

𝑞+
1
2
(𝑚 +

1

2
, 𝑛 +

1

2
, 𝑝)

= 𝑏𝑦𝜓𝑦,𝑥
𝐸

𝑞−
1
2 (𝑚 +

1

2
, 𝑛 +

1

2
, 𝑝)

− 𝑐𝑦 (
𝐸𝑥

𝑞+
1
2 (𝑚 +

1
2
, 𝑛 + 1, 𝑝) − 𝐸𝑥

𝑞+
1
2 (𝑚 +

1
2
, 𝑛, 𝑝)

Δ𝑦
) 

 

 

 

6-20 

 

𝜓𝑦,𝑧
𝐻𝑞

(𝑚 +
1

2
, 𝑛, 𝑝)

= 𝑏𝑦𝜓𝑦,𝑧
𝐻𝑞−1

(𝑚 +
1

2
, 𝑛, 𝑝)

− 𝑐𝑦 (
𝐻𝑧

𝑞
(𝑚 +

1
2 , 𝑛 +

1
2 , 𝑝) − 𝐻𝑍

𝑞
(𝑚 +

1
2 , 𝑛 −

1
2 , 𝑝)

Δ𝑦
) 

 

 

 

6-21 

 

𝜓𝑧,𝑦
𝐻𝑞

(𝑚 +
1

2
, 𝑛, 𝑝)

= 𝑏𝑦𝜓𝑧,𝑦
𝐻𝑞−1

(𝑚 +
1

2
, 𝑛, 𝑝)

− 𝑐𝑧 (
𝐻𝑦

𝑞
(𝑚 +

1
2 , 𝑛, 𝑝 +

1
2) − 𝐻𝑦

𝑞
(𝑚 +

1
2 , 𝑛, 𝑝 −

1
2)

Δ𝑧
) 

 

 

 

6-22 

 

𝜓𝑧,𝑥
𝐻𝑞

(𝑚, 𝑛 +
1

2
, 𝑝)

= 𝑏𝑧𝜓𝑧,𝑥
𝐻𝑞−1

(𝑚, 𝑛 +
1

2
, 𝑝)

− 𝑐𝑧 (
𝐻𝑥

𝑞
(𝑚, 𝑛 +

1
2 , 𝑝 +

1
2) − 𝐻𝑥

𝑞
(𝑚, 𝑛 +

1
2 , 𝑝 −

1
2)

Δ𝑧
) 

 

 

 

6-23 
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𝜓𝑥,𝑧
𝐻𝑞

(𝑚, 𝑛 +
1

2
, 𝑝)

= 𝑏𝑥𝜓𝑥,𝑧
𝐻𝑞−1

(𝑚, 𝑛 +
1

2
, 𝑝)

− 𝑐𝑥 (
𝐻𝑧

𝑞
(𝑚 +

1
2
, 𝑛 +

1
2
, 𝑝) − 𝐻𝑧

𝑞
(𝑚 −

1
2
, 𝑛 +

1
2
, 𝑝)

Δ𝑥
) 

 

 

 

6-24 

 

𝜓𝑥,𝑦
𝐻𝑞

(𝑚, 𝑛, 𝑝 +
1

2
)

= 𝑏𝑥𝜓𝑥,𝑦
𝐻𝑞−1

(𝑚, 𝑛, 𝑝 +
1

2
)

− 𝑐𝑥 (
𝐻𝑦

𝑞
(𝑚 +

1
2
, 𝑛, 𝑝 +

1
2
) − 𝐻𝑦

𝑞
(𝑚 −

1
2
, 𝑛, 𝑝 +

1
2
)

Δ𝑥
) 

 

 

 

6-25 

 

𝜓𝑦,𝑥
𝐻𝑞

(𝑚, 𝑛, 𝑝 +
1

2
)

= 𝑏𝑦𝜓𝑦,𝑥
𝐻𝑞−1

(𝑚, 𝑛, 𝑝 +
1

2
)

− 𝑐𝑥 (
𝐻𝑦

𝑞
(𝑚, 𝑛 +

1
2
, 𝑝 +

1
2
) − 𝐻𝑦

𝑞
(𝑚, 𝑛 −

1
2
, 𝑝 +

1
2
)

Δ𝑦
) 
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where 𝑏 = 𝑒
−Δ𝑡

𝜏  and 𝑐 =
𝜎𝑦

𝐾𝑦

1

(𝐾𝑦𝑎𝑦+𝜎𝑦)
(1 − 𝑒

−Δ𝑡

𝜏 ) 

𝐸(𝑚, 𝑛, 𝑝) = 𝐸(𝑚, 𝑛, 𝑝) +
Δ𝑡

𝜖
𝜓𝐸(𝑚, 𝑛, 𝑝) 

 

 6-27 

 

𝐻(𝑚, 𝑛, 𝑝) = 𝐻(𝑚, 𝑛, 𝑝) +
Δ𝑡

𝜇
𝜓𝐻(𝑚, 𝑛, 𝑝) 
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The parameters used in the CPML equations are given in Table 6.3. 
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Table 6.3. Parameters of the CPML equations 

𝜓 Auxiliary expression 

𝐻 Magnetic field 

𝐸 Electric field 

𝑚, 𝑛, 𝑝 Numbers of the subspace parts in the x, y, z planes 

𝑞 Time parameter 

Δ𝑥, Δ𝑦, Δ𝑧 Displacement in x, y, z planes 

Δ𝑡 Change in time 

𝜖 Permittivity 

𝜇 Permeability 

𝜎, K, a Stretching variable parameters 

 

 

 


