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ABSTRACT

MODULI SPACE FOR INVARIANT SOLUTIONS OF SEIBERG-WITTEN

EQUATIONS

UGUZ, MUHIDDIN
Ph. D., Department of Mathematics

Supervisor: Prof. Dr. Turgut Onder

September 1999, 56 pages

In this work we study the G-invariant solutions of the Seiberg-Witten equations
when G is a cyclic group acting on a manifold M, preserving the metric and
the orientation. G is assumed to have a lift to principle Spin® bundle which
gives rise to Seiberg-Witten equations in question. It was shown that when
the dimension bf of the G-fixed points of harmonic two forms is positive,
for a generic choice of an element in this fixed point set, the moduli space
of invariant solutions of Seiberg-Witten equations is a compact, smooth and
oriented manifold. In case bf is zero, it was shown that there exist a unique

singularity which has a compact neighborhood homeomorphic to a cone on a
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certain projective space. Using the latter case, a version of the theorem of
Fintushel and Stern which gives a necessary condition for a Seifert homology
3-sphere occurs as the boundary of a negative definite four manifold whose

first cohomology contains no 2-torsion, is proven.

Keywords: Equivariant Seiberg-Witten theory, Equivariant Seiberg-Witten

moduli space, Pseudofree orbifold, Seifert homology 3-spheres.
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Oz

SEIBERG-WITTEN DENKLEMLERININ SABIT COZUM UZAYI

UGUZ, MUHIDDIN
Doktora, Matematik Bolimii

Tez Yoneticisi: Prof. Dr. Turgut Onder

Eylil 1999, 56 sayfa

Bu calismada Seiberg-Witten denklemlerinin 6lgiimii koruyan bir devirli G-
grubu etkisi altinda sabit kalan ¢oziimlerinin olugturdugu uzay incelenmekte-
dir. G-etkisinin, Seiberg-Witten denklemlerini yazildig1 uzaylar1 veren, temel
Spin®(4) demetine genisletilebildigi kabul edilmistir. G-etkisi altinda sabit
kalan harmonik iki formlarin olusturdugu uzayin boyutu, bﬁ, pozitif iken, bu
uzaydan segilebilecek genel bir eleman icin Seiberg-Witten denklemlerinin G-
etkisi altinda sabit kalan ¢oziimlerinin tikiz, yonlendirilebilir, diizgiin bir mani-
fold olugturdugu gosterilmektedir. b¢ nin sifir oldugu durumda ise, bu uzayda
tek bir teklil noktasinin oldugu ve bu noktamin bir projektif uzay uzerinde

koni yapisinda olan tikiz bir komgulugunun bulundugu ispatlanmigtir. Bu ik-



inci durumu kullanarak, Fintushel-Stern’tin Seifert homology 3-kiirelerinin ne
zaman negatif definit ve birinci cohomolojisinde 2-torsion bulunmayan bir 4-
boyutlu manifoldun sinir1 olabilecegi hakkinda gerekli sartlari veren teoreminin

bir versiyonu ispatlanmistir.

Anahtar Kelimeler: Invariyant Seiberg-Witten Teorisi, Invariyant Seiberg-

Witten modiil uzayi, Yalanci serbest orbifold, Seifert homoloji 3-kiireleri.
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CHAPTER 1

Introduction

In 1949 Whitehead [3] classified simply connected closed oriented 4-manifolds
up to orientation-preserving homotopy equivalence by their intersection form.
A proof of this theorem is given in [8], page 103. Later on M. Freedman in 1982
gave homeomorphism classification of closed, simply connected 4-manifolds
[7]. His results were expressed in terms of intersection forms. However the
classical tools, like intersection forms, were not enough to detect differential
structures. During the 1980’s, Simon Donaldson used the Yang-Mills equa-
tions to study the differential topology of four-manifolds. Using moduli space
of connections on an SU(2) bundle, he introduced an invariant which detects
differential structures. However, due to the nonlinearity of Yang-Mills equa-
tions, to make explicit computations was not easy and substantial analysis was
needed. Sometimes, instead of using this invariant, mere use of moduli space
of Gauge equivalence classes of connections on an SU(2) or SO(3) bundle itself
led to important results. One of these was a well known theorem of Donaldson

which states that the only negative definite, unimodular form, represented by a



closed, smooth, simply connected four manifold, is the negative of the standard
(diagonal) form.(e.g. see S.Donaldson and P.B. Kronheimer, The geometry of
four manifolds and Freed-K. Uhlenbeck)

In the fall of 1994, Edward Witten introduced a set of equations which give
the main results of Donaldson Theory in a much simpler way. These equations
are now known as the Seiberg-Witten equations. These equations were associ-
ated to a Spin®(4) structure on the manifold in question and they were invariant
under the group of bundle automorphisms of the determinant line bundle as-
sociated to this Spin®(4) structure. This group is called Gauge group. As
in Donaldson theory gauge equivalence classes of solutions of Seiberg-Witten
equations forms a moduli space and gives important information about the dif-
ferential topology of the manifold. In fact, a diffeomorphism invariant, called
Seiberg-Witten invariant, is introduced using this moduli space(see [9], [13],
4]).

The moduli space of Gauge equivalence classes of the solutions of the per-
turbed Seiberg Witten equations is compact and in some cases, for a generic
perturbation, it is a zero dimensional manifold and hence consists of finitely
many points. In this case, Seiberg-Witten invariant is defined to be the al-
gebraic sum of the points in the moduli space counted with the multiplicities
according to the orientation.

As in the case of Donaldson Theory, sometimes one can make use of the
singularities instead of trying to eliminate them. For instance just by using
Seiberg-Witten moduli space (and not Seiberg-Witten invariant) a much sim-
pler proof of the theorem of Donaldson mentioned above can be given(e.g.see
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[9] for such a simple proof). In this work, following a similar idea, we shall
first construct the moduli space of solutions of Seiberg-Witten equations that
are invariant under certain cyclic group action. We shall study the mani-
fold structure and the special structure near singularities, and using this we
shall give a version of well known result of Fintushel and Stern which gives
a necessary condition for a Seifert homology 3-sphere occurs as the boundary
of a negative definite four manifold whose first cohomology contains no 2-
torsion, [5]. In their proof, Fintushel and Stern used moduli space of invariant
Yang-Mills equation. The use of the moduli space of invariant Seiberg-Witten
equations brings some simplification. For instance, instead of dealing with an
SO(3)-vector bundle E, we have a line bundle L, here. This makes counting
the singularities problem unnecessary. In fact, in Seiberg-Witten case, for each
perturbation there is a unique singularity. In [11] Ruan also considered a mod-
uli space of gauge equivalence classes of invariant solutions of Seiberg-Witten
equations. His aim was to obtain an invariant.

Let G be a cyclic group of order .. Suppose G acts to preserve orientation
on a closed, oriented four dimensional manifold. Choose a G-invariant Rieman-
nian metric and a characteristic G line bundle L. Let us denote the associated
principal U(1)-bundle of L by P, and the associated principal SO(4)-bundle
of T"M by Psowu). Let Pgpines)y be the associated principal Spin€¢(4)-bundle
whose determinant bundle is L. Assume G action on Psou) x P, lifts to a
G action on Pspines). Let D, denote the Dirac operator associated to this
Spin®(4)-structure. Since ) is shown to be equivariant, the map JF which is
the restriction to the G-fixed point set of the domain of J) makes sense. For
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a Seifert homology 3-sphere ¥(a), in Chapter V, an invariant S(a) of ¥(a) is
defined.

Main theorems of this thesis are the following.
Theorem : If bf = 0, then for a generic perturbation ¢ in Qf, the moduli
space /\/lg of Seiberg-Witten equations perturbed by ¢ is an oriented smooth
manifold of dimension d° = ind(Iy) — b§ — 1.
Theorem : If b = 0, then for a generic ¢ € 0.°, Mg is a smooth manifold
away from a unique singularity defined by Gauge class of a reducible element.
This singularity has a compact neighborhood which is a cone on CP*~! where
k is the complex index of lDi.
Theorem : Let ¥(a) be a Seifert homology 3-sphere oriented as the boundary
of C'= X(a) xg1 D* where C' is positive definite. If S(a) > 0 then X(a) can
not bound a negative definite 4-manifold V' whose first homology contains no
2-torsion.

This number S(a) is computable by Atiyah-Singer index theorem and Lef-
schetz fixed point formulas using fixed point data.

The first two theorems are proved in Chapter IV, as Theorems IV.6 and
IV.7 The last theorem is proven in Chapter V, as Theorem V.10.

The organization of this thesis is as follows:

In Chapter II, the preliminaries about ordinary Seiberg-Witten theory is
presented.

In Chapter III, we prove that, under certain conditions on the given group
action on the base manifold, Seiberg-Witten equations are invariant, and mod-

uli space of these invariant solutions is constructed.
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In Chapter IV, The compactness of this moduli space, manifold structure
and the structure near singularities are studied.
In Chapter V, the results of Chapter IV is applied to Seifert homology

spheres to give another version of Fintushel and Stern’s result mentioned above.



CHAPTER 11

Preliminaries

II.1 Bundle Theory

In this Chapter, we will mainly follow the settings in Chapter 1 of [9].

Definition I1.1 Let G be a Lie group. A principal G-bundle is a triple
P(M,G, ) where P is a smooth manifold on which G acts from the right
freely, and around each point of the smooth manifold M = P/G there exists
a neighborhood U so that, for the projection 7 : P — P/G = M, P|ly =
71 (U) =2 U x G isomorphic as G-spaces. P is called the total space, M is

called the base space and G is called the structure group.

Theorem I1.2 Isomorphism classes of principal G-bundles over M are in one
to one correspondence with the elements of H'(M;G) and also with the el-
ements of [M, BG|, that is, homotopy classes of the maps from M to the

classifying space BG.
Definition II.3 Let F' be a smooth manifold on which G acts from left. Then

given a principal G-bundle P(M, G, ) over M, we define Pp = (P X F)/ ~
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where (p, f) ~ (p-g,97 - f). Pr — M is called a fiber bundle associated to P

with fiber F.

Definition I1.4 As a special case of fiber bundle, defined above, if we take F’
to be a vector space V and via a representation p : G — GL(V'), define a left
action of G by (g,v) — p(g)(v). Then the fiber bundle (P x V')/ ~ we get is

called a wector bundle modeled on V' and denoted by P x,V

Theorem II.5 Again as a special case of fiber bundle, take F' = H another
Lie group with a group homomorphism p : G — H. Define a left action of G

on H by : g-h = p(g)h. Then Py = P x, H is a principal H-bundle over M

Definition I1.6 Given two principal bundles Py(My, Gy, m) , Py(Msy, Ga,m9)
and a Lie group homomorphism v : G; — G5, a map ¢ : P, — P, is called a
bundle map if (p-g1) = @(p) - 7(g1). Note that ¢ induces a map on the base
spaces @ : My — Ms, and we have o(p1) € 7y 1 (G(m1(p1))) for all p; € P,
Given v : G; — G5 and a bundle map ¢ : P, — P, consider the map
Py x Gy — P, defined by [p1, g2] — @(p1) - g2. Since [py - hy,v(h1) "' g2] —

@(p1 - h1) - (v(h1) " g2) = @(p1) - y(he) - (1) ™" - g2 = @(p1) - g2, the above

bundle map is well defined and hence we have P; is isomorphic to P, x., Gs.

Notation I1.7 T'(E) denotes the space of smooth sections of the bundle: p:
E — M. That is, a smooth map ¥ € I'(E) if 1 : M — F satisfies poy(z) = x

for all x € M. We usually write I'(M) for I'(T'M).

I1.2 Connection and Curvature

Definition I1.8 A connection on a vector bundle p : E — M is a map
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V:D(M)xT(E) — D(E)

(X,0) — Vxo=V(X, o)
which satisfies the following properties:
o Vx(fo+71)=(X[f)(o)+ fVxo+VxT
e Vixiy(o) = fVxo+Vyo

where (X f)(p) = X(p)f is the directional derivative.
An equivalent way of defining a connection on a vector bundle p : £ — M

is using the isomorphism
['(T*"M ® E) = I'(Hom(TM, E)) = Homcee ) (I'(TM), ['(E));
It is a map
d¥ :T(E) — T(T*M ® E) such that;
df(fo+71) = (df)®@oc+ fd¥c +d"r.

Note that, after choosing a local trivialization (U,, gas) such that over U,
the bundle is trivial,i.e. E|y, = U, x R™, any connection restricted to U, is
of the form d¥|y,_ (0,) = do, + wao, Where o, is a section over U, and w, is

a m X m matrix of one forms on M. That is

1 1 1
o1 doy wy Wy . . W, o]
2 2 2
e 09 doy . wi w; . . wi 09
m m m
Om do, wy® wh w Om




Notation I1.9 Q%(E) = T'(A*(T*M) ® E).
We may extend the definition of connection d¥ to a R-linear map
d¥ : QF(E) — QFY(E)
by tensoring with de Rham complex. For, define
dE(01 Noy) =doy ® oy + (—1)’“01 A dPoy
where o1 € QF, 0y € QO(E).
Definition I1.10 Curvature of a connection d¥ : Q°(E) — QY E) on E is
defined to be the C*(M)-linear tensor d¥ o d¥ : Q°(F) — Q*(E).

Again, over U,, we have d¥ od¥(0,) = (dwy +wa Awe)(04) = Qa04, where
Q,, 1s a matrix of two forms.

One final remark about connection and its curvature is about how they
transform from U, to Up. In order these locally defined connections and their

curvature to be well defined globally, on U, N Us, we must have:

Wo = Gopdos + JasWapgas and

Qo = GasQsY0p-
Theorem I1.11 (Hodge’s Theorem): Every de Rham cohomology class on a
compact oriented Riemannian manifold M possesses a unique harmonic rep-
resentative. Thus

HP(M; R) = HP(M).
Moreover, HP?(M;R) is finite dimensional and (M) possesses direct sum
decompositions
QP(M) = HP(M) © AQP(M)) = HP(M) @ d(QPH(M)) @ 6(QF(M)).

9



I1.3 The Groups SO(4), Spin(4) and Spin®(4)

Following [9], we shall consider the quaternions H as 2 x 2 complex matrices of

t+1z —x+1y w =0
the form Q) = = . With this identification,
r+iy t—1iz VW
we have:
~ 10 B i 0 . 0 —1 . 0 —i
1= ;= pJ = ; k= ;
0 1 0 —i 10 -1 0

Q= :ti—i—zg—i—xj—y/;:
T4y t—iz

and the matrix multiplication agrees with the quaternion multiplication.
Since det Q = t2+2?+1y?+2? = (Q, Q)-Euclidean dot product, regarding
(t,z,z,y) € R* as t + iz + jox — ky € H, we can identify the unit sphere in R*

with the special unitary group

SUQ2) ={Q e H(Q,Q) =1} = ; det @ =1

Definition I1.12 Spin(4) = SU,(2) x SU_(2), where SU_(2) and SU(2) are

copies of SU(2).

Definition I1.13 SO(4) = (SU,4(2) x SU_(2))/Z,.

A typical element of Spin(4) will be represented by (A, A_). We have
special orthogonal representation p : Spin(4) — SO(4) = (SU(2) x
SU@)/Z p(Ar A )Q) = AL A J(Q) = A QATL Tn fact p is surjec-
tive and since both SO(4) and Spin(4) are compact Lie groups, it induces
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an isomorphism in the level of Lie algebras and hence Spin(4) — SO(4) is a
covering space(double cover).

Elements of Spin(4) can also be represented by the 4 x 4 matrices

Ay 0
. This representation suggests that we can also consider Spin(4)

0 A

as a subgroup of Spin®(4), where;

Ay 0
Definition I1.14 Spin‘(4) = : Ae U(1) =S! | which
0 A
Spin(4) x U(1
also can be defined as Spin®(4) = pin %X ( ), where Z, acts diagonally.
2

We have representation

p°: Spin‘(4) — GL(H)
My 0

o Q) = (AM)Q(AL) ™.
0 ANA_

We also have a group homomorphism:
7 : Spin®(4) — U(1), given by;
My 0

T = )2
0 AA_

I1.4 SO(4), Spin(4) and Spin®(4) Structures on a Manifold
M

Definition I1.15 SO(4) structure is a collection {(U,, gag); o, € A} where
U, is an open cover of orientable 4 manifold M, g, : U, N Uz — SO(4),
satisfying the cocycle condition g.s g3y = gay. An alternative way of defining
SO(4) structure is specifying a map fo : M — BSO(4).

11



Definition I1.16 An associated Spin(4) structure to SO(4) structure is a col-
lection {(Ua, gap)}, where gag : U, NUg — Spin(4) satistying cocycle condition
and p o gag = Gap, Where p : Spin(4) — SO(4). Alternatively, an associ-
ated Spin(4) structure to SO(4) structure is a lifting of fy : M — BSO(4) to

fo : M — BSpin(4).

From the obstruction theory, we know that the only obstruction for the exis-
tence of this lifting, that is, for the existence of Spin(4) structure, i.e. a bundle
with structure group Spin(4), associated to the given SO(4) structure on the
tangent bundle T'(M), is wo(T M) € H*(M, Zy).

Let W, and W_ be two copies of C?. Consider the representations p,, p_

given by

P+ (wﬁ:) = Ajwy.
0 A_

Definition I1.17 Given a Spin(4) structure, using the above representations
P+, p— , we can define new transition functions py o gap : Uy, N Uz — SUL(2),
to get two new complex bundles also denoted by W, and W_, called Spinor
bundles and the relation between these bundles and T'M is TM ® C =

Hom(W,,W_).

Therefore a Spin structure determines 7'M @ C = Hom(W,, W_). Moreover if
we also have a line bundle L, TM ® C = Hom(W; ® L, W_® L), since L ® L*
is the trivial bundle.

Given a Spin(4) structure {(Uy, gag)}, if we have a line bundle L with tran-
sition functions h,s : Uy, N Uz — U(1) then we can define a Spin‘(4)structure

12



with the transition functions hag * gag : U, N Ug — Spin®(4), where for

A 0
r €Uy, NUs if gap(x) = and if hos(z) = A then hag * gap(x) =
0 A
AL 0
. Note that these maps also satisfy the cocycle condition.
0 AA_

More generally a Spin®(4) structure can be defined as
gap : Us NUg — Spin®(4)

with cocycle condition. That is we don’t need to have a Spin(4) structure or
a line bundle in the fist place. Combining this with m we get a complex line
bundle, denoted by L?. Finally, given a Spin®(4) structure, associated to it we

can define two bundles W ®L and W~ ®L although L may not exist. Wo®L is

A, 0
the bundle whose transition data is p% o g4 where pS. (wy) =

0 MA_
AAiwy. Note that TM @ C = Hom(W,; @ L, W_ ® L).

Definition I1.18 We will give the definition of an associated Spin®(4) struc-

ture to SO(4) and U(1) structure in three equivalent settings;

i- Given an SO(4) structure on T'(M) and U(1) structure, i.e, a complex
structure, on line bundle L over M, an associated Spin®(4) structure
is a principal Spin®(4) bundle P — M such that the associated frame
bundles satisfy Psow)(TM) = P x,.SO(4) and Pgi1(L) = P x, S, where

pC{A+> A*a A](Q) = [A+7 A*](Q) = A*QAJr_l and 7T[A+,A,, )‘] = )‘2'

ii- Given two maps fo : M — BSO(4) and f; : M — BU(1) = BSO(2)
an associated Spin®(4) structure is a lift of the map f = (fo, f1) : M —
BSO(4) x BU(1) to f : M — BSpin®(4).

13



iii- Given a collection {(Ua, Gag, hap); o, B € A} where U, is an open cover of
orientable 4 manifold M, g5 : UoNUz — SO(4), has: U,NUz — U(1),
both satisfying the cocycle condition, an associated Spin®(4) structure
is a collection {(Us, sap); @, € A}, where s.5 : U, N Uz — Spin®(4),
such that s,g is mapped to (gag, has) under the map Zy — Spin®(4) —

SO(4) x U(1).

From the obstruction theory, we know that these liftings exist when L is a

characteristic line bundle, i.e, ¢1(L) = wo(T'M) mod 2, as the only obstruction

for these liftings to exist is wo(TM ® L) = ¢1(L) + wo(TM) € H*(M, Zy).
Note that the assumption M is compact oriented smooth 4 manifold guar-

antees the existence of Spin®(4) structure. Also the assumption that M is

simply connected ensures that the liftings considered above are unique.

I1.5 Clifford Algebra and the maps p and o

Let W = W, & W_. An element of H can be considered as an element of

End(W). Consider the map

Definition I1.19

p:H — End(W) defined by,

p(Q) =



Since

0 —Qt W4 0
= and
Q@ 0 0 Qu,
0 —Q 0 —Qtw_
Q 0 w_ 0
we have p(Q) : Wy — W
The identity:
) 0 —Q 0 —Q —-Q'Q 0
Q@ 0 Q@ 0 0 —-Q

gives the Clifford Algebra structure. For this reason (End(W), p) is called the
Clifford Algebra of (H® C, (,)). Matrix multiplication is the Clifford multipli-
cation, and dim (End(W)) = 16.

Another way of constructing Clifford Algebra is by defining a basis for it.

Consider the following matrices:

00 -1 0 00 i 0
000 -1 0 —1 00 0 —i 0
€1 = = , €9 = =
100 0 10 i 0 00 i
010 0 0 — 0 0
00 0 —1 000 4
00 10 0 j 00 i 0 0 k
€3 = = , €4 = =
0 =1 0 0 j 0 0i 00 k0
10 00 i 000

In fact e; = p(1), ez = p(i), es = p(j), es = p(k), where p : H — End(W)

15



defined above. These matrices satisfy the following identities:

2
ei-ej:—ej-ei, €; :—]_

and the set

{I,e, e-e;1<j,e-e-e;i<j<k,e -e-e3-es}

form a basis for End(W). Thus we get

End(W) = (A°(H)®C)a (A'(H)®@C)® (A2 (H)QC) @ (A*(H)@C)® (A*(H)®C)

That is, we have the isomorphism End(W) = A*(H) @ C of vector space.
To have a Clifford Algebra isomorphism, we define a new multiplication on
A*(H) ® C; that is for w € A*(H) ® 1, define e; x w = ¢; A w — 1(e;)w where
interior product 2(e;) : A¥(H) — A*~1(H) is defined by (1(e;)w,0) = (w,e;A0).

In particular we have a vector space isomorphism A%(H)®C —The subspace
of End(W) generated by e; - e; , ¢ < j; defined by (e; Ae;) ® 1 — ey - es.

Write A?(H) = A% (H) & A? (H) where,

AL(H) = (e Nes+esNes, ex Neg+eqsNey, eg Aeg+ea Nes ).

Since all the basis elements are trace-free and skew hermitian (i.e. A = —A?),
and since both are 3 dimensional, A2 (H) ® C is just su(2) - traceless skew

hermitian endomorphisms of W, that is Lie algebra of SU(W). So we have:

NMH)QC = sui(2)

12

AL (H) @ C su_(2)
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In terms of Akbulut’s [1] setup, that is let P be a principal Spin®(4) bundle,

so that
T*M = P x H/(p,v) ~ (p,A;vA~") where p =p-[A,, A_, )] and

WH(M) = P x C*/(p,v) ~ (p, AyvA™"),

on the level of bundles, p takes the form

p: AJ (M)  — SUW™)

[p,v1 Ava] = p([p, v1 A va])

where p([p,v1 A va))([p, x]) = [p, Im(vevy)z].

(G
Definition 11.20 For ¢ = € W, we define
(&>

o: Wy — AL(H)

o(v) = 2i Trace free part of v ( S )

(0
That is:
[ | — [Pl V1o
o(¥) = 2i i
w2w_1 ‘w2|2 _ |¢1|2J2r\¢2|2
P = e 2044,
= 1
20h91 [a]? — |41 ]?
In fact
o(v) = —%ZM(#} , eiej e e

- _%W, erexi)(e1e2 + eseq) + (U, eresh) (eres + esen) +

(1, ereqt)) (ereq + e2e3)] € AZ,
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and satisfies

o()| = [5 tr oo @) = v

Again, in terms of bundles, o takes the form:
o Wt — AJ (M)
p, 2] — [p, 3(ziz)].
We have adjoint action of Spin(4) and Spin‘(4) on End(W);

M, 0 M, 0 (M) 0
Ad (T) = T
0 MA_ 0 NA_ 0 MA_E

Note that these actions preserve the decomposition of

End(W) =31, Q/(M)®C.

Definition 11.21 A Spin connection on W is a connection which can locally
be expressed as dyo = do + ¢,0, where ¢, are 1-forms taking values in the

Lie algebra of Spin(4).

Now since Spin(4) = SU, (2) @ SU_(2) and Lie algebra su(2) = Q3(M) @ C,

we have Lie Algebra of Spin(4), that is:
spin(4) = (M) @C = (e;-ej; i<j).

Therefore ¢, should be of the form ¢, =), < Gayj€i - €5 where @, are skew
symmetric ordinary 1-forms, that is ¢o;; = —@a; since €;-e; = —e; - ¢;.
Using this connection, we can define a new connection on End(W) by
(di"w)(0) = da(wo) —wdao for w € T(End(W)) ,o € T(W).
Hence, given connection on L, using the Levi-Civita connection on T'M,
induces a connection on the Spin®(4) bundle Pgyinc(s). Also, any connection da
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on the bundle W, induces a connection dind(w) on the bundle End(W) which
in turn restricts to an orthogonal connection dind(W)|TM®<c on the tangent
bundle TM @ C C End(W).

Finally, before defining the Seiberg-Witten equations and the moduli space,

we introduce the Gauge group.

II.6 Gauge Group

Definition 11.22 A gauge transformation on a line bundle L is a bundle ho-

momorphism h : L — L commuting with the action of the structure group

U(1). That is h(g-a) =g-h(a) Vg e U(1).

The set of all gauge transformations of L form a group, denoted by G(L), under
composition. This group can be considered as maps f : M — S!, see Section
1.7 of [9] for details. Hence we have G(L) = Map(M, S').

We define an action of the gauge group G(L) on A(L) by g-da = da+gdg™"
which can also be expressed as g ody o g~'. Action of G(L) on T'(W) is just
complex multiplication.

Note that if we regard G(L) as Map(M,S') then, since M is simply
connected, any g € G(L) = Map(M,S') can be written as g = €™ for
some u : M — R. According to this representation, ¢ - (da, — ia,v) =
(da, — i(a + du), e™).

Fix a base point Py € M and define Go(L) = {g € G(L); g(R) = 1}.

We have the isomorphism G(L) — Go(L) x S defined by h — (s 'h,s)
where s = h(Fy) € S* ; h € Map(M, S*) = G(L).
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Note that Go(L) acts freely on A(L) since da+gdg~' = d, means gdg~* = 0
that is dg~! = 0 which holds if and only if ¢ =constant. Elements of S! are
constant functions M — S!. Hence S! acts trivially on A(L), whereas it acts

freely on (I'(WW™*) — 0) as complex multiplication.
Definition 11.23 The Dirac operator is the map
p,:TWe®L) - T'(W®L)
b DW= edad(e) =3 p(e)(Ved),
where dy : T(W ® L) — I'T*"M @ (W ® L)) = Homgeon (TM, W ® L),

e; € TM ® C C End(W®L) and ¢ € T*M ® C are orthonormal basis, V., is

the covariant derivative along e;.

I1.7 Seiberg-Witten Equations

Let M be oriented, Riemannian 4-manifold with a Spin®(4) structure. We
consider the pairs (d4, 1) where d is a connection on L? and ¢ € T(W, ® L).
Let A = {(da, — ia,)} denote the configuration space. Recall the maps
p + AS(M)— SUWT)
o D(WT) — Q%L(M)
D TWYeL) -T(W-®L)

We set

Dy = 0
Fy = io(y)
where F{ € T(Q*(T*M ®iR)) = Q*(M).
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Notation I1.24 B(L) = (A(L) @ T (Wt ® L))/G(L).
Notation I1.25 B*(L) = (A(L)® (W' ® L))/G(L) — {[A,0]}.

Notation I1.26 M(L) denotes the moduli space of Go(L) equivalence classes

of the solutions of the Seiberg-Witten equations.

Notation I1.27 M(L) denotes the moduli space of gauge equivalence classes

of the solutions of the Seiberg-Witten equations. That is
M(L) = {(A,¢) € A(L)xD(W*@L); Pi =0 and Ff = io(4)}/G = M(L)/S"

Sometimes we will need to define the perturbed Seiberg-Witten equations and

perturbed moduli space. These are the equations

D = 0
F{ = io(})—¢

Notation I1.28 M (L) denotes the moduli space of gauge classes of the so-

lutions of the Seiberg-Witten equations. That is

M(L) = {(A,¢) € A(L) x T(WF ® L); Py = 0and Ff = io(v) — 6}/G.
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CHAPTER III

Moduli Space of Invariant Solutions of

Seiberg-Witten Equations

In this chapter we shall consider a certain cyclic group G acting on M and will
show that under certain conditions on M and on this action, Seiberg-Witten

equations are invariant.

Given a smooth closed 4-manifold M with a Riemannian metric on it and
a characteristic line bundle L over M. Let G be a compact Lie group acting
on the base manifold M to preserve the inner product and orientation, also
acting on the characteristic line bundle L, commuting with the base projection
and mapping fibers directly to fibers as a complex linear map. That is, let L
be a G-line bundle. We will also assume that the G-action on L lifts to the
associated Spin®(4) bundle whose determinant line bundle is L. We will take
G a cyclic group of order a.. Furthermore, we will also assume that M /G has a
positive definite intersection form, and that H*(M/G;R) = 0. Note that since
G is finite and preserves the orientation, M /G is a real homology manifold,
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that is M/G satisfies Poincare duality with coefficients in R. Hence M /G has
a well defined intersection form over R.

We have the following actions:

G acts on A(L)-space of connections on L:

For g € G and ds € A(L) we define g - dy = gdag™!,

G acts on '(W ® L):

For g € G and v € T(W ® L) we define g - ¢ = gipg~ !,

G acts on G(L):

For g € G, h € G we define g - h = ghg™!,

G acts on T'(M) and hence on Q*(M):

For g € G and v € T (M) we define g - v = dg(v).

Note that the curvature map F : A(L) — Q*(End(L)), defined by F(d4) =
dyody = Fjy, is equivariant with respect to both G and G(L) actions. That is

g-FA:Fg.A and h - Fy = Fj,. 4 for allgeGandheg(L).

Theorem III.1 Seiberg Witten equations are invariant under G-action.

Proof : First consider

p: AJ (M) — SU(WT)
[p,v1 Ava] = p([p, v1 A va])
where p([p, v1 A va])([p, 2]) = [p, Im(vy01)x].
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For any g € G, it satisfies

plg - [p,or Awa))(lg-p.z]) = p(lg-pvr Ava])([g - p, )
= [g-p,Im(vo01)7]
= g~ [p, Im(vy01)2]
= g p(lp,v1 Ava)[p, 2]
= gplp.orAv])g™ [g-p, 2]
= (g9 p([p,v1 Ava))) [g - p, .
hence

g-p(—)=p(g-—); that is p commutes with G-action.

Now consider,

For any g € G, we have
a(g-[p,a]) = o(lg-p.a]) = [g-p, 5(@iT)] = g - [p, 5(2iT)] = g - o([p, z]).
Hence

g-o(—=)=o(g-(—)); that is ¢ commutes with G-action.

Thus
Fi: AL)xT(WH) — Qf (M)

is equivariant under the G-action.

Finally the Dirac operator
D: AL)xT(W*) — T(W")
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is also equivariant under the action of the group G. This is because
g (PAY) =g Py = glp(Va¥))g™" = plg Va¥ g7'), since p is G equiv-
ariant. On the other hand, g - (A,9)) = p(Vja,-19¢g"). Since p is an

isomorphism, all we need to show is

9 9 = yag-n9tg

Here V is the Levi-Civita connection on 7'M, A is a connection on L and V 4
is the induced connection on W*. This statement is not only true for the
induced connection but also true for any connection. That is, we claim that:
Forall A€ A(L), g € G, v € T(WT), we have: (gAg 1) (guwg™!) = g(Ay)g~! .
Note that this claim finishes the proof of the theorem. For the proof of the
claim, we will show that (gAg~1)(gvg™)(z)(v) = g(AY)g~ (z)(v) Vo € M
and v € T, M,

Let v : [0,1] — M be a curve with v(0) = z and§(0) = v. Now since

Wt = (P x C?)/ ~, we can write giog~! € T(W™) as (gg)|g-1y0) =

[(g77)(2). C(t)] where (g7'7)(¢) is a lifting of (¢~'7)(t) to P using the given

connection, and ((¢) is a curve in C?. Thus

P

(9vg™")(g7')(0) = [(g=7)(0),¢(0)]

This gives an explicit formula for the left side of the expression in the claim

above. That is

—_—— —_—

(9Ag~ ") (gg™")(@)(v) = g-[(g~'7)(0), ¢'(0)] = [g- (g7"7)(0), ¢'(0)] (action is

on P).
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Now let’s write down an explicit formula for the right side of the claim:
9(Ap)g~! € I'(Hom(TM, W)
(9(Av)gH)(2)(v) = g- (AY) (g7 ) (v) = g~ (AY) (g~ z) (g™ v) € WT. The last
equation follows from the following fact:
For all f: Ty M — W1,
g-f: Ty — Wiis defined by (¢- f)(v) =g- f(g~" - v)
In our case

(AY)(g~1w) : Tyr M — Wiy
g (A) (g~ ) : Tp — Wit

Hence we have
(g(A)g Y (z)(v) = g(AY) (g~ z)(g'v) Now since v was chosen to be an
integral curve of v € T,M, g~'v : [0,1] — M satisfies g~ 'v(0) = g~ !(x) and
L(g7'9)(t) |i=o= g~ (v). That is g~'v is an integral curve of g~!(v). Therefore
V(g™ )(®) = [lg (B¢ giving (4v)(g™'2)(g™v) = [(577)(0).C(0))

Thus

—~—

(9(AY)g~)(x)(v) = [g- (977)(0),¢"(0)].

Hence

—_—

(949~ ") (gvg™)(@)(v) = [g- (97'7)(0),¢'(0)] = (9(Av)g~")(z)(v)
Since all the maps involved are G-equivariant, the Seiberg-Witten equations

are invariant under G-action. This completes the proof. O

Now for the map

Fio AL)xT(W+) — T(W-) x QF (M)
(A,9) — (Py s P —io(¥,9))
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the induced G-actions on the corresponding spaces are equivariant. That is
g-F(=)=F(g--)

Finally, before defining the G-invariant moduli space, we recall, Definition
2.22, the gauge group G(L) = Go(L) x S* and the action of G on this group.
Consider the fixed points of this action. G%(L) = (G% (L) x )¢ = Go“(L) x
(SHY = G% (L) x St

Now we can define the induced map on the fixed point set

FC: ALY x (TWHY-0) — D(W)Y x QF (M)“
(4,9) — (Dy, FY —io(ih,4)))
We will consider the G-fixed gauge class of the solution space of F'¢. Let
ML) = /f\;l/(L)G/S1 denote the G¢ classes of G-invariant solution space,
where M (L)% is the space of G%-invariant solutions.

Now we prove the following fact

Proposition ITI.2 Fix a connection Ag on L. Then each element of B¢ =
(A(L)C x (T(WH)E =0))/GE, and hence each element of M (L)€ has a unique
representation of the form (dag — ia , 1) where a € 01° with the property

oa = 0.

Proof :Recall the Gauge equivalence; (d4, — ia,v) ~ (da, — i(a + du), e™1)).
First we will show the existence

existence : It suffices to show that there exists u : M — R such that §(a +
du) = 0 and e € G§. That is 6du = —da, i.e., Au = —da. By Stoke’s Theorem,
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we have; [, *da =0 (M is closed). So da is orthogonal to constant functions,
i.e. to HO(M). Since by Hodge Theorem we have Q°(M) = HO(M) & Im A,
we must have da € ImA. This proves that there is u : M — R such that
Au = —da. Finally since the action of G commutes with both d and 4, and
since a € MY so is e, If necessary, after adding a constant to u, we may
assume that u(FPy) = 1, that is ™ € G§'.
Next we prove the uniqueness

uniqueness : Assume (da, — tay, Y1) ~ {(da, — tag,1ps) and da; = 0 = das.
Then a; — as = du for some u : M — R. Now taking the inner product in 1,

we get; (a; — ag,a; — ag) = (du,a; — as) = (u,0(a; — az)). So a; = as. O

As a result of above fact, instead of dealing with QOG—classes of the solution
space of F¢ we can add a new equation to the system; that is consider the

solution space of

Fi = io(y)

where a is the G-invariant one form representing the G-invariant connection

A.

Notation II1.3 By M(L)g we denote the S'-classes of the G-invariant solu-
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tion of the perturbed SW-equations

P = 0
Fi+¢ = io(¥)

da = 0
G
where ¢ € Q%7

That is, we define a new map and still denote it by F¢
FO: (AL)PNS) x (DWHT—0) x 029 — T(W)9 x 2°
(A7¢7¢) — (@A¢7FX+¢_ZU(w7w>>

where S = {A € A(L); A= A+ ia and da = 0}.

With this new notation,

ML)y = ( (FTH0) N (AL)FNS) x HWHY x {¢}) )/S"

= ((F9)71(0) N(prz) " (¢)) /8"
Where

pry: (A(L)SNS) x (MW —0) x 229 — Q2°

(Av,¢) — ¢

is the projection onto the third component. That is, for each perturbation
¢, the G-invariant Seiberg Witten moduli space is a quotient of a slice of
(FE)=1(0) by S*.

From now on we will assume that all the spaces we are working on are

completed with appropriate Sobolev norms as in Chapter 3 of [9].
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CHAPTER 1V

Topology of Moduli Space of Invariant
Solutions of Invariant Seiberg-Witten

Equations.

In this chapter we shall study compactness and the manifold structure on
the moduli space, whenever this structure exists, as well as the topology near

singularities.

Theorem IV.1 If M is simply connected, then for every choice of G-invariant

self dual form ¢, the moduli space Mg(L) is compact.

Proof : We know that every sequence of Gy classes of solutions to the per-
turbed Seiberg Witten equations has a convergent subsequence. A detailed
proof is given in section 3.3 of [9]. Using Proposition II1.2, and the continuity
of the G-action, we can identify Mg(L) with a closed subspace of ng(L).
Being a closed subspace of a compact space, Mvg(L) is also compact.

We have the following G-invariant version of the lemma in [9]:
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Lemma IV.2 For a generic choice of G-invariant connection A, if the index
of the operator @XG (T(WH @ L)Y — (T(W~- ® L)Y is nonnegative then

G . ..
IDX is surjective.

Proof :

Let (A, 1) be a solution of G-invariant Seiberg-Witten Equations. Then at
the points 1 # 0, the map Q' — T'(IW~ ® L), defined by a — a - = p(a) (1),
is injective: a-¢Y =0 =a-a-¢¥ =0 = —|la|]|* = 0 = |la|]| = 0, since
Y # 0. Moreover, since dimc(I'(W~® L)) =2x 1 =2, dimg(I'(W~- ® L)) =
4 = dimg(T* M), this map Q' — D(W~ ® L) is an isomorphism. In fact, we
have this isomorphism on the G-invariant spaces. To see this: take a € QlG,
then g - (p(a)(¥)) = (p(g - a)(¥)) = (p(a)(¥)) for all g € G. That is, this map
takes G-invariant elements to G-invariant elements. Now take any element of
(W~ ® L)%, say p(a)(¢)). We claim that a € (. For, using the isomorphism
p, all we need to show p(g-a) = p(a), that is p(g - a)(v) = p(a)(¥) for all ¢ €
(W~ ® L)Y But p(g-a)(¥) = g-pla)(®) = p(a)(®), since p commutes with
@ action. Hence we have 019 — T(W~ @ L)C.

Recall the map ﬂ)JrG cAG(L) x T(WH @ L)Y — I'(W~ ® L)Y defined by

D,%(A,0) = P}“%. We have d(a)P,%(a, /) = I}

that at a irreducible, i.e. G-invariant solution (A,1) of the Seiberg-Witten

e : :
' —a-1. First we claim

equations with (¢ # 0), dapP,“ : () x [(W+ ® L)¢ — I(W~- ® L)¢
is surjective. To prove this, let U be a an open set on which v is never
zero. Since v is not identically zero, and continuous, we can find such an
open set. On U we have the isomorphism a — a - 1, as proven above. If
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o € I(W~®L)% is orthogonal to Im d(Aw)@jLG, that is if <@+G(’¢I>—CL"§/}, o)=0
for all ¥/ € T(W* @ L)¢, a € 0%, then:

o for ¢/ =0 e I(W+H® L)%, we have (a-1,0) = 0 for all a € Q' that

is (1,0) =0 for all 7 € (W~ ® L)Y, by the above isomorphism. Hence

c=0onU.

o for a = 0 € Q° we have (D.“W),0) = 0 = @, P ) for all
¢ € D(W~ ® L) That is ) “c = 0 on U. But then, by the Unique
Continuation Theorem [2], we get o = 0 on M.

Hence d(A’wlDJFG (O x T(IWH @ L)Y — T(WH @ L)Y is surjective for
irreducible G invariant solutions (A, ).

Now, by Implicit Function Theorem, we have:

N = {(a,v); PL°() =0, ¢ #0)
is a submanifold of A“(L) x [(W* ® L)®. It’s tangent space T(anN =
Ker d(Aw)ﬂ)_FG = {(a,?); @XG@// —a -1 = 0}. Consider the projection
pry i N = Q% (A, ¢) —» A. We have d(ap)pry(a,¥') = —a, which is Fred-
holm and has index greater than or equal to the index of leG. To see this,

consider

o (a,v') € Ker (diayypri) & (mGw’ =0and a =0) & (¢ € Ker JZ)ATG

and a = 0). So:
Ker (diagpr1) = {(0,¢"); ¢' € Ker (lDJAfG)} ~ Ker lDzG

e bclIm (duaypr) < thereis (a,9’) such that a = b and @A+G¢' =
by be 0% by e Im Pt So dim(Im (deayypr)) >
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dim(Im (JDXG)) Hence:

codim (Im (da,4)pri1)) = dim (QlG) — dim (Im (d(a,p)pr1))

+G

< dim ("W~ ® L)) — dim (Im(p," "))

= dim coker (JZ)A’LG).

Thus, since JDXG is Fredholm, so is pr;. And index of pry is as large as the
index of JDXG.

Now let A be a regular value of pr;. Then pr;*(A) is a submanifold of
dimension larger than or equal to the ind IDZG. Note that pr;'(A) U {0} is the
solution space of JDXGw = 0. Finally, to finish the proof, we have two cases to

consider:

- The case of Ker mG =0:
Then ind JDXG = —dim (coker ]Z)XG). Since by the assumption ind mc >

a G . o
0, we have coker ;= 0 and hence I} " is surjective.

- The case of Ker DXG #0:
Then there is ¥ # 0, whereas @Gw = 0. To prove mG is surjective, we
take any ¢y € ['(W~ ® L)¢ and show it is in the image. Since in this
case, we know that d A@)JDJFG is surjective, there exists (a’, ') such that
dian D, (W) = P}

need to prove is a@’ - ¢ € Im JDXG. But ¢ € Q1% = Im dapmpr; = {a €

G(¢’) —a' -1 = 1. Since JDJ“AG is linear, all we
0% g € Im JZ)XG}. So there is ¢ € T(W*®L)% with mG(w”) = ap-)
and hence 1y = JDXG(W — ).

This completes the proof of JD’AfG is surjective. O
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Lemma IV.3 The cohomology groups of the G-equivariant fundamental el-

liptic complex:
d+

0— Q5 (M) = QF(M) = QS (M) — 0

are
HOM)E, HY(M)Y and HF(M)©

. . G
of dimensions by, b;“ and b5 "

Proof :

- To compute the cohomology group at the first stage, take f €

QS (M) Ker d. Then df =0 =4f. Hence f € HO(M)“

- To compute the cohomology group at the second stage, take w €

QF (M) N Ker d§ N (Im d®)*. Then

Vn 0= (w,dn) = (dw,n), therefore dw = 0.

Now by the Stoke’s Theorem, we have

Hdw||2:/ dw/\dw:/ d(w/\dw):/ wAdw=0
M M OM=0

This tells us that dtw = 0 < d~w = 0 giving w € H}(M)¢

- To compute the cohomology group at the third stage, take w €
QS(M) N (Im d*)*". Then
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(w,d™n) =0 Vn e Q

= (w,d™n®dn) =0 sincew € QF

= (w,dn)=0 Vn e Q!
= (dw,n) =0 Vn e Q!
= Jw=0

On the other hand

dw = —*5*w:—*(5wsincew€§2f

=0

Therefore w € (Im d")* = dw = 0 = 0w & w € H2(M)%-self dual, G-

invariant harmonic 2 forms. O

Lemma IV.4 If L is a complex line bundle over a closed, oriented Riemannian
4 manifold, then any ¢ € Q%(M)% can be realized as a curvature of some
unitary G-invariant connection A if and only if ¢ € II¢ = Im d$ an affine
subspace of Q%(M)% of codimension b .

Proof : Choose a G-invariant base connection Ay on L. We have in the
general case, hence in the G-invariant case that, for any unitary G- invariant
connection A on L, Fy — Fs, = da where a is a real valued G-invariant one

form on M. Now we define II¢ as

G
dG
o L oof ¢ = off
% = Im = Im
a — Fi 4 (da)* a — Fi + (da)*
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That is I1¢ = Im df, where df is just d, defined on the invariant setting.
Hence codim(I1%) = dim(QgG/Im d¥) = b%, as is shown above in Lemma

IV.3. O

Theorem IV.5 Let M be a closed, simply connected smooth 4-manifold with
a Spin®-structure. Suppose that if b¢ = 0 then ind (IDXG) > 0. Then for
a generic choice of G-invariant self-dual two form ¢, Mvg(L) is an oriented

smooth manifold of dimension d% = indg(If}) — 0.

Proof : Recall the map
FO: (A(L)°NKer d) x TWr@ L)¢ x 2¢ — T(W-© L)% x 02¢

(A, ¢, 9) — (Dy, Fi + ¢ —io (i, 1)

Differential of F& at (A, 1, ¢) is given by:

dFG(Aﬂ/’:d’)(aa W, ¢I) = (mwl —ia - ¢ ) (d&)Jr - O'(Qﬂ, W) - U(¢/7 ¢) - ¢/)

Now, we note that for the irreducible solutions (A, ), ¢) with ¢ # 0, of
F% =0, dFG(A7w7¢) is surjective. Because, we already know that the first
component is surjective when v # 0 as shown in the proof of Lemma IV.2. For
the second part, take a and ¢ to be zero and let ¢/ vary to cover {0} x QF.
Thus dF G( Aqe) 1S surjective on each component. To be able to say that it
is surjective to the product, since the map under consideration is linear, all
we need to show is, after fixing one element from one of the component, say
¢' =0, dF% 44 4) is surjective onto ['(W ™). But we have proven this before.

Let U = {¢ € Qic, ¢ = F{—curvature of some connection A =

G. . . .
WA is surjective}. We have two cases to consider:
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In the case bf > 0: by Lemma IV.4 we know that U is open and dense.

For the case bﬁ = 0: by the assumption that ind lDzG > 0, again as before,
we get U is open and dense.

Hence in each case we have U is open and dense. On the other hand for
¢ e U, dFG(A7¢7¢) is surjective even if ¢» = 0. Now, by the Implicit Function

Theorem, we have:

N ={(Av,¢); ¢ €U, FE(A1p,¢)=0}
is a submanifold with

Tawa)N = Ker dF® .
= {(a,0, ") Py =ia- v, da =0,
dta=o(,¢) — o, ¢) — ¢'}
= {(a,¢",¢'); L(a,¥") = (0,0, },

where L(a, ) = (ZDXGW —ia-1, da, dta—o(, ") — o' 1)). is an elliptic
operator from T'(W & L) @0 to F(W‘@L)G@QOG@QiG where 00 denotes
the space of smooth functions on M which integrate to zero. (f € QOG =
[y fdVol =0 = [, f(x1) =0= (f1) =0= f e (H) = felmy,
by Hodge Theorem, and f € (° = Im § = there exist w € Q'€ with
f=dw= [, fdVol = [,, f(x1) = (f,1) = (dw,1) = (w,d1) = 0.)

Finally we claim that

prg: N — QiG

pI‘3<A, wa (b) = (b
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is Fredholm. In fact: (dprs)(e,ee)(a, v, ¢') = ¢'. Hence

Ker (dpry)aye) = {(a,9,0) € TiapsN}
- {(CL, W: O); L(CL, Qﬂ) = (07 0, 0)}

= Ker L.

Im (dprs)up,e = {¢ € QiG; L(a,¢") = (0,0,¢") for some
(a,9') € Q' @ (W @ L)%}

= Im (L)n ({0} ® {0} @ Q2).

Also note that, since (F(W‘@L)@QOGGBO)H(Im L)+ =0, coker (dpry)a, ¥, ¢)
has the same dimension as coker L, and since L is Fredholm, so is pry and
hence, using the fact that U is open and dense, as proved above, and applying
the Sard’s Theorem to the map pry : N — QiG, for ¢ a regular value of prj,
we get the slice (pry)~'(¢) is a submanifold of N of dimension equal to the
index of pry that is equal to the index of L which in turn ,using the homotopy
Li(a, ') = (@Gw’ —ita-1, da, dta—it(o(Y, ') +a(',1))), is equal to the
index of Ly, where Ly = WAG DODdr.

Finally, since ind(d"™) = dim(ker d|; 4.) — dim(coker d|{, ,.) = b7 — b5 =
—b, we get d¥ = indg(Jf}) — bS.

As for the orientation, the fact that Mvg(L) is orientable can be proven
by making obvious modifications in non-equivariant case, see page 79 of
[9]. We have Ker L(GAM = T(Aw)(./f\/lvg([/)) as we have seen in the pre-
vious transversality arguments. Hence, if d is the dimension of the mod-
uli space, we have det (LY) = A%Ker (LY) = Ad(ﬂg(L)) where det (L%)
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denotes the determinant line bundle of the family of Fredholm operators
L(Cf‘l,w) Cp o L(GA,¢) (p). Thus a nowhere zero section of det (L%) will give
an orientation of .//\/lvg(L) For the family of operators L, for t € [0, 1], defined
by Li(a,¢’) = (lZ)ngl/J’ —ita -, da, dta — 2to(,1))), the determinant line
bundle det (L¢) is defined for every ¢ and depends continuously on ¢. Thus the
bundles det (L¢) are all isomorphic and it suffices to construct a nowhere zero
section of det (L§), where Ly = JDXG & 6¢ @ d+°. On the other hand we have
det (L§) = det (ID;G) ® det (6% @ d+t“). Now, det (JDJAYG) has a nowhere zero
section which comes from the orientations of the kernal and cokernal of JDATG
defined by complex multiplication, and det (6% @ d*G) inherits a nowhere zero

section from an orientation of HS(M). Thus detLy is trivialized, finishing the

proof. O

IV.1 Smooth Case

The aim of this section is to prove the following theorem

Theorem IV.6 Let M be a closed, simply connected smooth 4-manifold with
a Spin®-structure. If b¢ > 0 then for a generic choice of G-invariant self-

dual two form ¢, M(L)g is an oriented smooth manifold of dimension d“ =

indg (Jf;) — b5 — 1.

Proof : The existence of a reducible solution in Mg(l)), which causes singu-
larity in M(L)§, depends on the condition that ¢;(L) contains a connection
with F'{ = 0, in turn which occurs only if ¢ € I1%-a subspace of Qﬁ of codi-
mension bf. Since, by the assumption bf > (), these singularities are avoidable.
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Hence S' C G acts freely on Mg(L) Therefore M(L)g is an oriented smooth
manifold with dim (M(L)§) = dim (M§(L)) — 1 = indg(§]) — b§ — 1. The
orientation of M(L)§ is induced from the orientation of Mg(L) O

As a final remark, as in Section 3.6 of [9], the moduli space M(L)¢G de-
pends on the choice of G-invariant Riemannian metric and G-fixed perturba-
tion ¢. In the case bf > 2, we can combine the two choices of G-fixed pertur-
bations by a curve in Qf without passing through the subspace II¢ mentioned
in Lemma IV.4. Hence, using Smale’s infinite-dimensional generalization of
transversality theorem [12], we get MY (L) and MY, (L), are cobordant man-
ifolds. Similarly, changing the G-invariant Riemannian metric on M yields

cobordant moduli spaces.

IV.2 Singular Case

The aim of this section is to investigate the topological structure of the moduli

space MG (L) for the case b = 0.

Lemma IV.7 When 6¢ = 0 and H'(M,R)“ = 0, for each w € QF, there is

unique A € Q' with d*A = w and d*A = 0.

Proof : First we will prove the existence:

Recall the G-equivariant fundamental elliptic complex
0 — QS (M) -5 Q¢ (M) 5 QS (M) — 0

Since by the assumption b¢ = 0, we have d*(Q2')% = Q¢. That is for any
w € QY there exits A € Q¢ with d*A = w.
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Now pick any such A. By the Hodge Theorem we have A = h + df + (d")*«
where h is a G invariant harmonic one form, f is a function (uniquely deter-
mined up to a constant) and a € QY. Consider A — df = h + (d+)*a € Q¢
Note that d*(A — df) = d*A — d*(df) = w (since —pr d*f = 0)
and d*(A —df) = d*(h + (d")*«) = d*h + d*(d")*a = 0.
Therefore for any w € Q¢ there exists one form B = A — df € 0% with
d*B =w and d*B = 0.

Next, we will prove the uniqueness:
Since H!© = H Y(M,R)Y = 0 by the assumption, from the above elliptic

complex we conclude that Ker d* = 0 i.e. d* is one to one. O

Theorem IV.8 When b¢ =0, H'(M,R)Y = 0 and ind (JDXG) > 0, the mod-
uli space M¢G(L) is non-empty smooth manifold away from the unique sin-
gularity defined by Gauge class of a reducible element. This singularity has a

neighborhood which is a cone on CP*~! where k is the complex index of JDXG.

Proof : Fix a G-invariant base connection Ay. For any other G-invariant
connection A, we have A — Ay = ia for some a € 0% and Fy = Fy, +ida. So
we can identify any G-invariant connection A with a € ' and F with d*a.
Now after fixing a G-invariant base connection Aj that corresponds to a one

form a satisfying d*a = 0 and using this identification, we see that
ML)§ = MG(L)/S" = {(A¢);d"A=0, Pyip =0, Ff =o(v,v)+ ¢}¢/S"
= {(a9); d'a=0, Py, =0, dra=o(y,v) + ¢~ Fj }9/S"

Now for (a,) with ¢ = 0, i.e. for any reducible element of Mg(L), we have
d*a = 0 and dta = ¢ — Ff, which is invariant. Above, in Lemma IV.7, we
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showed that there exist a unique such a € Q¢ for any fixed w € Q. Therefore

~ G
M(L)s contains a unique reducible solution.

Thus M(L)¢ ¢ 1s generically a non-empty d%-dimensional manifold away
from the unique singular point.

As for the structure of M(L)§ around the unique singular point [(4,0)],

recall that F¢(A,v) = (lDi@/} , Ff —o(y,1)) and M(L) = (F9)~%0)/G(L),

where d*A = 0. It’s linearization is

dF((jl,w)(aa ,QZ)/) = (WAw/ —a- %D ) d+a’ - U(¢> ¢/) - 0-(77Z/7 ¢>)a where d*a =0

— DG + QG
where

Dy (e v) = (P, dta): Ker d* — T(W_)% x Qf

Qi (@) = (—a-v, —o(b,d) — o(e,v)).

The formal tangent space at a reducible invariant solution (A, 0) is given by

T ={(a,'); Pt/ =0 and d*a=0} = (D9+Q°) ™" 14 (0,0)

= (Dc)fl(A,o)(Oa 0)

But, by Lemma IV.7, there is a unique a € O with dta =0 = d*a, that
is a = 0. Hence
T ={(0.4); P’ =0} = Ker Jf}
This has even dimension (because JIf : T(W* ® L)Y - T(W- ® L) is a map
between complex spaces and Dirac operator is elliptic, so Fredholm, and hence

has finite dimensional kernel and cokernel), say 2k.
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Note that, using the assumptions: HY(X)Y = 0 = H'(X)® we get
QiG/Im A% = 1, 2(M)C = 0, giving d*° is onto, i.e. Coker d*“ = 0, and
also that H'(X)¢ = HY(X)¢ =0 =Kerd*® = {a € 09 d*%a =0 = d*a}.
That is, we get Ker d* = 0 = Coker d*°.

Now we have the restriction of the Kuranishi map to the Ker D¢ :

K¢ : Ker DY — Coker D. More explicitly

G

Ke such that d*%a=0= lDsz// —s Coker d*“ @ Coker JDZG

G

KC - such that JDXGz// =0 — Coker JDXG
W
K¢ : Ker mG — Coker DXG = 0 ( since mG is onto by Lemma IV.2).
Hence K¢ = 0 and around the singular point (4, 0), structure of MG(L)
is given by (K)~1(0) that is Ker ZDXG.
Then MCP(L) = MC(L) /S* = Ker JDZG/Sl =~ Ck/S!, which is a cone

on CPF 1, O

Remark IV.9

The condition ind (IZ)XG) > 0 is equivalent to the condition ind (JZ)XG) > 1.
Because in case ind (ZDXG) = 1, the component of M%(L) containing the unique
reducible solution (A4, 0) is one dimensional and since MY(L) is compact, it

must be a closed interval and hence has a boundary, giving a contradiction.

Remark IV.10 In the case ind ( XG) = 0 again by the compactness,

ME(L) consists of finitely many points and since S* acts freely on the smooth
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points, there can not be any smooth point. Hence both M (L) and ME(L)

consist of single point.
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CHAPTER V

An Application to Homology 3-Spheres

In this chapter we will give an alternative theorem and proof, using the topol-
ogy of the invariant Seiberg-Witten moduli space, to the theorem of Fintushel-
Stern [5]. First we introduce the terminology. For more details see Chapter 8

and 9 of [10] and also [5].

Definition V.1 A Pseudofree S'-action is a smooth S'-action on a smooth
(2n + 1) manifold such that the action is free except for finitely many excep-
tional orbits S'z;; i = 1---n with isotropy groups G; at z; are Zg,, -+ , Zq,

where a = ay,--- ,a, are pairwise relatively prime. The total isotopy is the

product a = ay - - - a,.

Definition V.2 A Pseudofree S* manifold @ is an odd dimensional smooth

manifold with pseudofree St action.

Definition V.3 A Pscudofree orbifold X = Q°/S' is the quotient of the

smooth 5-manifold Q® by a pseudofree S*-action.

Note that the neighborhoods of the isolated singularities of X are cones on
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lens spaces L(a;,b;) where b; = a/a;.
Notation V.4 DX = X — U, int(cL(a;, b;)).

Since S'-action on DX is free, it is classified by an Euler class e € H*(DX,Z).

Consider

0 — H*(DX,dDX,Z) s H¥DX,Z) - H(ODX,Z) = Z.,
Since tubular neighborhood of an exceptional orbit S'z; with isotropy Z,, in
Q" is D* xz, S' which is diffeomorphic to D* x S*, the part of Q> over each
L(a;, b;) is just S* x S*. Hence i*(e) is unit in Z,. Here S'-action on the tube
D? x D? x S' of the exceptional orbit S'z; is t - (z,w,s) = (2t", wt*i, st*)

where r; and s; are relatively prime to a;. Note that
(D? x D* x SY)/S' = (D? x D*)/Zq, = cL(a;; 14, s;) = cL(a;, b;)

where ;5,71 = b;( mod a;).

An example of a pseudofree S* manifold is Seifert fibered homology 3-sphere
S(a) =Y (a1, -+ ,ay); which admits a pseudofree S action with exceptional
fibers with isotopy Za,,- " ,Za,; and > _(a)/S' = 52

Let HC K C S*={z€Z||z|]| = 1} = {;0 € [0, 27]}.

Definition V.5
For n-tuple of relatively prime integers ay,as, ..., an; (a;,a;) = 1, we define

complex n-dimensional representation of H as:
H — Hom(C",C")
h +— h* +h" 4 ... 4+ b where;

(ha1 + h*? +...+han)<21,22,...,2n) = (halzl,hazzg,...,h“”zn).
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Notation V.6 K xy D* denotes the orbit space of K x D* by the action of

H defined by h=¢ + h® + h®, where c is unit modulo |H|. That is:

K xg D' = (KxD?'/~
= {[(k.d)];k € K,d € D*}
= {[(k,z1,2)]|k € K, 21,2 € C}
= {[(h™k,h%21, h’%)|k € K, 21,2 € C}.

Let G be the group of ath root of unity.

Definition V.7 A restricted G-manifold is a smooth closed four dimensional

manifold M with a smooth G-action such that:

e Either M¢ is empty or each component has codimension 2.

e There are n orbits (called singular orbits) Gz; = G/G,, with {|G,|}

relatively prime and [[}_; G4, = |G| = a. Denote |G;| = |Gy, | = a;.

e The action is free away from MY and U™, Gx;.
Note that, since M is a 4 dimensional manifold, we have
M = NU (UL, (G xg, DY),

where N is the part of M from which interiors of neighborhoods of the singular
orbits removed. G; acts on G x D* via h=¢+ h® + hb. Also note that M“ C N.

Then:

M/G =X =DX U (UL,(G xg, D")/G) = DX U (U, D*/GY)

47



where DX = N/G.

Finally, since 9(DX) = U™, S3/G;, and since G; acts freely on 53, we get

H*(0DX) = &} H*(S°/Gi) = ©1_y Lo, = Za.

Since DX is a smooth manifold, complex line bundles over it are classified

by their Euler classes in H*(DX).

Definition V.8 A line bundle over DX is called restricted if the pull-back of
its Euler class under inclusion i : 9DX — DX that is i*(e(L)) € H*(0DX) =

Ly, is a generator.

Definition V.9 A restricted G-line bundle L over a restricted G-manifold M

is a G-line bundle L over M such that for x € M :
o If G, = G, then G, acts trivially on the fibers L,.

o If G, # G, then G, acts freely on SL,-fibers of the unit sphere bundle

of L.

Note that line bundles over S*/H correspond to elements in H*(S®/H) =
Lo, where m = |H|. In addition to this, as the line bundles over G X g S* are
of the form G x g (83 x C), they extend uniquely to line bundles over G x g D*,
that is Gx g (D*xC), (see page 103 of [10]). From this observation we conclude
that restricted G-line bundles over M are in one to one correspondence with
restricted line bundles over DX.

Let G be a subgroup of S generated by the G;’s. In case of dimQ = 5,
there is a restricted G-manifold M ,section 3 of [5] with n singular orbits such
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that M/G = X = Q/S" and

Q=0U(UL,S" xg, D"

M = N U (UL,G xg, DY),

where N/G = DX = Q/S".

One example of pseudofree S' manifolds is Q = SL/G where L is a re-
stricted G-line bundle over a restricted G-manifold. In this case Q/S' =
M/G=X.

Note that in addition to the one to one correspondence mentioned above,
they in turn in one to one correspondence with pseudofree S' manifolds with
orbit space X = M/G.

Let ¥ be a Seifert homology 3-sphere, that is a pseudofree S' homology
sphere whose orbit is S2. Then ¥ x D? is a pseudo S! manifold of dimension 5,
where S! acts on D? as complex multiplication. The correspondence S'z; <+
S1(2;,0) is one to one between the singular fibers of 3 and ¥ x D2

Suppose that X(a) = dV* for some positive definite, smooth 4-manifold.
If necessary, after surgering out the the free part of H,(V,Z), we may assume
H,(V,Z,) = 0. Consider the space X = V U (X x g1 D?)-pseudofree S* orbifold.

Note that (¥ x g D?) is a mapping cylinder of m: ¥ — 3 /S! = 52, Because:

Y xg1 D = Yxg (D*—={0})UX xs {0}
= Y x(0,1]UX xg {0}
= 2 x (0,1 g 0pun(a) S
— C(n).
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There exists a G-manifold M with M/G = X and a restricted line bundle
L over M such that SL/G = Q and Q/S' = X where G is the subgroup of S?
generated by the isotropy groups G;’s, that is G = Z,-group of a-th roots of
unity(see [5]).

Consider the restricted line bundle Ly = C x g1 Q|px over DX. Recall that

DX < (VUC(x) =V U (S xg D?).

Note that St action on V is free, that is, the singularities are in the mapping
cylinder part C(m) , therefore we have V' — DX from which we obtain the
restriction Lg|ly — V. But noting the fact that Q|px = DX x S!, we see that
Loly = C xg (V x S') =V x C. Hence, we also have Lo|s — X = dV is the
trivial bundle. Now since Lg is defined over the boundaries of DX, i.e. over
S3 /Gy, we have the pullback bundle defined over the cylinder G xg, S* in M.
And, since any line bundle over G X, S? is of the form G x ¢, (S® X C), we can
extend A\*Lg to the inside the tube by defining G xg, (D* x C) — G x¢g, D*.
This way we extend A\*Ly to a restricted G-line bundle ML, all of M as a
G-bundle where A : M — M/G is the projection.

Next we claim that the line bundle AL, over M is characteristic. That is
there is a Spin°(4) structure whose determinant line bundle is \*Lg. In fact,
since by the assumption the first homology of V' does not contain 2-torsion,
V' is a Spin(4)-manifold. Thus there is a Spin®(4) bundle Pgpine(sy over V' and
hence over Y. Let W’ be the complement of the interiors of the union of the slice
neighborhoods of the singular orbits and W = W’/S'. Then (Pgpinca)|s Xs1
D?) |y is a bundle over (3 x g1 D?) away from the interiors of the neighborhoods
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of singular orbits, that is, over W. Now pull back this bundle by the map A to
get a new G-bundle over (V' x S') U W’ that is over M except the interiors of
the tubes. Now using the same technique as above, we extend this G-bundle
to all of M as a G-bundle.

Let @i be the Dirac operator associated to the Spin®(4) structure con-

structed above.

Theorem V.10 Let ¥(a) be a Seifert homology 3-sphere oriented as the
boundary of C' = X(a) xg1 D? where C is oriented as to be positive defi-
nite. If 3(a) bounds a negative definite 4-manifold V' whose first homology

contains no 2-torsion then inde () < 1.

Proof :

Recall that:

G =G xS,
B=(T(W*eL)eAL))/SG, B* =B — [(da,0)],
B=B/S'=(T(W*® L) & AL)/G, B*=DB-|[(da,0).
Let 0V = ¥. Then we can form the space X = V U (—C(7)) as mentioned
earlier. Let M be the smooth four manifold with M/G = X. MLy con-
structed on M is a characteristic line bundle. Since b$ (M) = dim H2 (M) =
dim H} (M/G) = dim H2(Q/S") = 0, by the Theorem IV.8, the G-invariant
perturbed moduli space /\/lg contains a unique singular point whose neigh-
borhood is a cone over CP*~! where k is the complex index of lDi. Thus if
ind(c(pi) > 1, since the moduli space is compact with boundary equal to
CP*!, we obtain the fundamental class [CP*™] = 0 € Hy, »(B*,Z).
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On the other hand, let E denote the associated vector bundle over B*
corresponding to the S fiber bundle S* — B* — B*. Denote the pull back
of this bundle E over B* to the boundary CP*™ C (M) C B*¢ C B* of
the neighborhood of the unique singular point by i*(E). Since this is a Hopf
fibration

St 5% P,

we see that ¢ (i*E) # 0. Moreover, using the fact that the cohomology of
CP*™! is truncated polynomial algebra, i.e. H*(CP*! Z) = %, we see
that {c;(i*(E))*, [CP* ) = (i*(ea(B)* 1 [CPF)) = fepror cr(B)FH # 0,
contradicting [CP*™!] = 0 € Hy,_»(B*,7Z). O

ind@(lﬁg) can be computed by Atiyah-Singer Index theorem and by Lef-
schetz type of formula using fixed point data (see Chapter 14 of [6] about how

this computations should be carried out). Thus one gets some restrictions on

the characteristic classes of V' and on the data "a” to have 0V = X(a).
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