JIL

THESE DE L'UNIVERSITE PIERRE ET MARIE CURIE — PARIS VI

SPECIALITE MATHEMATIQUES

présentée par

BAVER OKUTMUSTUR

pour 'obtention du titre de

DOCTEUR DE L'UNIVERSITE PIERRE ET MARIE CURIE — PARIS VI

Sujet :

METHODES DE VOLUMES FINIS
POUR LES LOIS DE CONSERVATION HYPERBOLIQUES NON-LINEAIRES
POSEES SUR UNE VARIETE

Soutenue le 6 Juillet 2010 aprés avis des rapporteurs

PHILIPPE HELLUY
JiaAN-GuUoO Liu

<K

devant le jury composé de

FrRANCOIS BOUCHUT

PAscAL FREY

PHILIPPE HELLUY

SIDI-M AHMOUD KABER

PHILIPPE LEFLOCH - Directeur de thése
JEROME NOVAK

SEEXEEER

Laboratoire Jacques-Louis Lions - UMR 7598
Université Pierre et Marie Curie — Paris VI



11



Table des matieres

Introduction 1
1 Méthode de volumes finis sur une variété . . .. ... ... ... 2

1.1 Approche basée sur une métrique . . ... ... ... .. 2

1.2 Approche basée sur des champs de formes différentielles 9

2 Estimation d’erreur et miseenoeuvre . ... .. ... .. .. .. 13
2.1 Estimation d’erreur sur une variété . ... ... ... .. 13

2.2 Version relativiste de I'équation de Burgers . . . . . . .. 16

I Convergence de la méthode de volumes finis sur une

variété: deux approches 23
1 Approche basée sur une métrique 25
1.1 Introduction . ... ... ... . ... ... . ... 25
1.2 Conservation laws on a Lorentzian manifold . . ... ... ... 27
1.3 Formulation and mainresult . ... .. ... ........... 29
1.3.1 Definition of the finite volume schemes . . . . .. .. .. 29
1.3.2 Assumptions on the numerical flux . ... ... ... .. 32
1.3.3 Assumptions on the triangulation and main convergence
result . . ... Lo 33
1.4 Examples and remarks on our assumptions . . . . . .. ... .. 35
141 Admissible triangulations and lack of total variation es-
timate . .. ... ... ... .. 0 0000 35
1.4.2  Foliation by hypersurfaces and choice of triangulations . 36
143 Choice of flux-functions . . . ... ... ... ... ..., 37
144 A class of examples based on a geometric condition . . . 38
1.5 Discrete entropy estimates . . . . .. .... ... ... ... ... 39
1.5.1 Local entropy dissipation and entropy inequalities . .. 39
1.5.2  Entropy dissipation estimate and L™ estimate . . .. .. 43
1.5.3 Global entropy inequality in space and time . . ... .. 49
1.6 Proofofconvergence . .. ... ......... .. .. ...... 51

iii



iv

2

IT

TABLE DES MATIERES

Approche basée sur des champs de formes différentielles 57
21 Introduction . . ... ... ... ... ... .. oL 57
2.2 Conservation laws posed on a spacetime . . . . .. .. ... .. 60
221 Anotionof weaksolution . . . . ... ... ... ... .. 60

222 Entropyinequalities . ... ... ... ... ... ..... 61

2.2.3 Global hyperbolicity and geometric compatibility . . . . 64

2.3 Finite volume method on a spacetime . . .. ... ........ 65
23.1 Assumptions and formulation . . ... ... ... .... 65

232 A convexdecomposition. . . .. ... ... 68

2.4 Discrete stability estimates . . . . . .. ... .. ... ... ..., 70
241 Entropyinequalities . .. ... .. ... .. ... ..... 70

2.4.2 Global form of the discrete entropy inequalities . . . . . 75

2.5 Convergence and well-posednessresults . . . . ... ... ... 77
Estimation d’erreur et mise en oeuvre 83

Estimation d’erreur pourles méthodes de volumes finis sur une variété 85

3.1 Introduction and background . . . ... ... ... .. ...... 85
3.2 Conservationlawsonamanifold . . . . .. .. ... ... .... 86
321 Well-posednesstheory . . ... ............... 87
3.3 Statementof themainresult. . . . .. ... ... ... ...... 89
3.3.1 Family of geodesic triangulations. . . . . . ... ... .. 89
3.3.2 Numerical flux-functions . . ... .. ... ... ..... 90
3.3.3 Maintheorem . . .. ... ... ... ... .. ... ... 91
3.3.4 Discrete entropy inequalities . . . ... ... ... .... 92
3.4 Derivation of the errorestimate . . . . . ... ... ... ..... 95
341 Fundamentalinequality . ... .. ... ... ....... 95
3.4.2 Dealing with the lack of symmetry . . . . ... ... ... 102
3.4.3 Entropy production for the exact solution . . . . . .. .. 105
3.5 Entropy production for the approximate solutions . . . . . . .. 106
Version relativiste de I’équation de Burgers 115
41 Introduction . . . .. ... . ... ... 115
4.2 The relativistic version of Burgers equation . . . . ... ... .. 116
42.1 Derivation of a Lorentz invariantmodel . . . . . . . . .. 116
422 Hyperbolicity and convexity properties . . . . . ... .. 120
42.3 Thenon-relativisticcase . . . .. ... .. ... ...... 122
43 Theeffectof thegeometry . . ... ... ... ........... 124
43.1 General hyperbolic balancelaws . . . . ... ... .... 124
4.3.2 Derivation of a covariant scalarmodel . . . . . . .. . .. 124
43.3 Stationary solutions . .. ... . ... .. .. ... . ... 125

43.4 Relativistic zero-pressure Euler Equations . . . ... .. 126



TABLE DES MATIERES

4.4 Well-balanced finite volume approximation . . . . ... ... ..

441 Geometric formulation

442 Formulation in local coordinates . . . . . .. .. ... ..

443 Numerical experiments
Bibliographie
Résumé

Abstract

127
127
129
129

141

144

144



Vi

TABLE DES MATIERES



Introduction

Dans cette thése, nous étudions plusieurs questions mathématiques concer-
nant les équations hyperboliques non-linéaires. D’une part, nous nous intéres-
sons aux lois de conservation sur des variétés suivant deux approches : la
premiére étant basée sur une métrique et la seconde sur des champs de formes
différentielles. D’autre part, nous étudions les estimations d’erreur pour les
schémas de volumes finis et la mise en oeuvre d’'un modele de fluides relati-
vistes.

La premiere partie de cette thése est consacrée a 'étude de la méthode
de volumes finis pour les lois de conservation hyperboliques sur une variété.
Nous étudions tout d’abord une premiere approche qui nécessite 1'existence
d’une métrique lorentzienne. Notre résultat principal établit la convergence de
schémas de volumes finis du premier ordre pour une large classe de maillages.
Ensuite, nous proposons une nouvelle approche basée sur des champs de
formes différentielles. Nous considérons alors les lois de conservation hyper-
boliques non-linéaires posées sur une variété différentielle avec bord, appelée
espace-temps, dans laquelle le “flux” est défini comme un champ de flux de
n-formes dépendant d’un parametre. Dans ce travail, nous introduisons une
nouvelle version de la méthode de volumes finis, qui requiert seulement la
structure de n-forme sur la variété de dimension (n + 1).

La seconde partie porte sur les estimations d’erreur pour la méthode des vo-
lumes finis et sur la mise en oeuvre d’'un modele de fluides. Nous considérons
tout d’abord les lois de conservation hyperboliques posées sur une variété
riemannienne. Nous établissons une estimation d’erreur en norme L' pour
une classe de schémas de volumes finis pour 1’approximation des solutions
entropiques du probleme de Cauchy. L'erreur en norme L! est d’ordre h'/%,
ol h représente le diametre maximal des éléments d"une famille de maillages
géodésiques. Nous considérons ensuite les équations hyperboliques posées sur
un espace-temps courbe. En imposant que le flux vérifie une propriété natu-
relle d’invariance de Lorentz, nous identifions une loi de conservation unique,
a une normalisation pres, qui peut étre vue comme une version relativiste de
I’équation classique de Burgers. Cette équation fournit un modéle simplifié de
dynamique de fluides compressibles relativistes. Des tests numériques mettent
en évidence la convergence et la pertinence du schéma de volumes finis pro-
posé.



2 INTRODUCTION

1 Meéthode de volumes finis sur une variété : deux
approches

1.1 Approche basée sur une métrique
Motivations et rappels

Les systemes d’équations aux dérivées partielles de type hyperbolique non-
linéaire décrivent de nombreux phénomeénes de la dynamique des milieux
continus et de la physique. Les modeles scalaires, malgré leur apparence tres
simple, ont permis la découverte de toutes les méthodes de calcul numérique
dans ce domaine : schémas aux différences finies, schémas de volumes finis,
flux de Godunov, flux de Lax-Friedrichs, etc. L'étude de ces équations est d"une
grande importance car la plupart des pathologies présentes dans les systemes
d’équations hyperboliques non-linéaires apparaissent déja dans le cas scalaire.
De plus, de nombreux schémas numériques pour des systémes sont basés sur
des algorithmes développés pour les équations scalaires. Nous allons ici nous
concentrer sur le probleme de Cauchy pour les lois de conservation scalaires,
dont I'inconnue u est une fonction a valeurs réelles

8tu+Z8i(f(u,x)):0, u=ult,x)eR, t>0,x=(x,...,x,) €R", O
i=1

u(0, %) = uo(x),

ott le flux f : R X R" — R" est donné et est régulier.

Le probleme de l'unicité de la solution pour les lois de conservation sca-
laires est résolu avec l'introduction de la notion fondamentale d’entropie. Nous
imposons que la solution faible de (1) vérifie les inégalités d’entropie

AU+ Y H(Fu,x)) < Y (@) w,x) - U'() Y @if)(w,), @)
i=1 i=1 i=1

au sens des distributions, pour toute fonction convexe U : R — R. Le champ
de vecteurs x — F(u, x) est défini par

A F(u,x) :=d,U(u)d, f(u,x), uekR, xeR"

et il faut noter ici la différence entre la dérivée partielle de la fonction x
F(u(t, x), x) notée Qi(F(u, x)) et la fonction d;F prise au point (u(f, x), x) notée
(@iF)(u, x).

D’apres la théorie fondamentale de Kruzkov [27], le probléme (1)—(2) est
bien posé pour des données initiales dans L. De nombreux travaux portent

sur les lois de conservation hyperboliques, on se contentera ici de renvoyer le
lecteur aux livres de Dafermos [17], Hormander [23] et LeFloch [31].
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Rappels de géométrie différentielle

Par définition, une variété differentielle M de dimension n est localement
C*- difféomorphe a l'espace euclidien R". Une variété riemannienne (M, g)
de dimension 7, est une variété munie d’une métrique définie positive g. La
métrique g est un tenseur de type (0,2) qui associe a chaque point x € M une
forme bilinéaire (X, Y) — ¢(X,Y) sur .M X T,M, ot T,M est I'espace tangent
a M en x. Cette forme bilinéaire est décrite en coordonnées locales par une
matrice définie positive d’éléments g;;. Autrement dit, ¢ induit un produit
scalaire sur T, M représentant la géométrie de M autour de x. Nous noterons les
coordonnées locales x = (xy,...,x,), et nous utiliserons la notation d’Einstein,
notamment dans

d
8iiX' = Z 8ijX'.
i=1
Pour tous vecteurs tangents X, Y € T.M, nous utilisons la notation

8(X,Y) = (X, V), et Xl := (X, X)".

L’espace cotangent T;M est le dual de T, M pour x € M. Ses éléments s’appellent
les 1-formes. En coordonnées locales, la base duale de (d4,...,d,) est notée
(dx',...,dx") et on a dx'(d;) = 6;, oll 6; est le delta de Kronecker. Etant donnée
@ une fonction réguliére, la différentielle dp de ¢ est la 1-forme définie par
dp(X) = X(¢) pour tout champ de vecteurs X ; en coordonnées locales, on a
dg; = dip. La dérivée covariante d'un champ de vecteurs X est un champ de
tenseur (1,1) dont les coordonnées sont indiquées par (V,X),. Nous avons la
formule suivante pour la divergence d"un champ de vecteurs régulier :

divg (f(u, %)) = du(@, f(u, x)) + ( divg f)(u, x)

; du 1 ;
=dyf @Jr\/—@f?i(\/@f)-

Nous notons par d, la fonction de distance associée a la métrique, dv, = duy
la mesure du volume et V, la connexion de Levi-Civita associée a g. L'opérateur
divergence d'un champ de vecteurs est défini intrinsequement comme la trace
de sa dérivée covariante. A la suite de la formule de Gauss-Green, pour chaque
champ de vecteurs réguliers f et tout sous-ensemble S C M ouvert et régulier,

on a
fdivgf doy = f (f,m)gdvgs,
s 23

oul dS est le bord de S, n la normale unitaire extérieur a dS et dvys la mesure
induite sur dS.

Nous allons utiliser la notation standard suivante pour les espaces de fonc-
tions définies sur M. Pour p € [1, o], la norme usuelle d"une fonction & dans
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'espace de Lebesgue LF(M; g) est notée par ||kl ; lorsque p = oo, on écrit
aussi ||h]|. Etant donnés f € Llloc(M,' g) etun sous-ensemble N C M, nous notons

f o =g [ fodo, W= [ o

On ne peut pas dire qu'un champ de vecteurs f est constant sur une variété,
puisque pour deux points différents x et y, les vecteurs f(x) et f(y) appar-
tiennent a deux espaces vectoriels distincts T,M et T,M, on ne dispose donc
pas d’une fagon canonique de les comparer sans faire intervenir des coor-
données particuliéres. Il faut donc tenir compte de la dépendance explicite du
flux f en x. Le probléeme de Cauchy sur (M, g) s’écrit alors

du+ Vg - f(u,x) =0, u=ult,x)eR, t=0, xeM
H(O,X) = Mo(X),

)

o u : Ry X M — Rest1'inconnue et le flux f = f.(u) = f(u, x) est un champ de

vecteur régulier qui est défini pour tout x € M et dépend du parametre réel u.
Nous remarquons que les inégalités d’entropie prennent la forme

U(u) + Vg - F(u,x) < (Vg - F)(u,x) = U'(u)(Vg - f)(u,x),

ou (U, F) est une paire d’entropie si U : R — R est une fonction continue
lipschitzienne et F = F(u, x) un champ de vecteurs tel que, pour presque tout
i1 € Rettoutx e M,

d,F(i1, x) = d,U(1)d, f(#, x).

Lois de conservation hyperboliques sur une variété lorentzienne

Une variété lorentzienne M de dimension n + 1 est une variété réguliere
munie d'une métrique ¢ ayant la signature (-1,1,---,1), autrement dit, le
tenseur de la métrique g peut s’écrire en coordonnées locales comme la matrice
diag (-1,1,---,1). Ainsi, puisque la forme bilinéaire associée a g n’est plus
définie positive, la métrique ¢ n’induit plus un produit scalaire sur 1'espace
tangent T,.M, comme c’était le cas pour les variétés riemanniennes. Nous faisons
une distinction entre vecteurs tangents X de type temps (g(X, X) < 0), de type
lumiere (g(X, X) = 0) et de type espace (g(X,X) > 0). Ces appellations sont
motivées par le fait que, en relativité générale, les trajectoires des rayons de
lumiere ont des tangentes de type lumiere. Les objets physiques suivent des
trajectoires dont les tangentes sont partout de type temps.

Le probleme de Cauchy pour les lois de conservation hyperboliques sur
une variété lorentzienne M s’écrit

dive (fu,p)) =0, u:M->R (4)
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et les inégalités d’entropie prennent la forme
dive (F(u)) - (divg F)(u) + U’ (u)(divg f)(u) < 0 (5)

ou (U, F) désigne le couple entropie/flux d’entropie. Le vecteur-flux f est com-
patible avec la géométrie si

dive f(u,p) =0, ueR,peM,

et du type temps, si sa dérivée par rapport a u est un champ de vecteurs du
type temps de sorte que

8(0uf@,p), duf(,p)) <0, peMUER

Pour donner un sens au probleme de Cauchy pour (4)—(5), il est nécessaire
de faire une hypothese sur la variété assurant de bonnes propriétés de causalité.
Nous supposons donc que M est globalement hyperbolique, c’est-a-dire que
M admet un feuilletage par des hypersurfaces H; compactes, du type espace et
orientées, indexées par un parametre t qui joue le role du temps de sorte que

M:U%.

Chacune des hypersurfaces H; est une surface de Cauchy. Nous pouvons alors
définir un probléeme de Cauchy sur une certaine surface Hy, , et ajouter aux
équations (4)—(5) la condition initiale

u|}ct0 = Up. (6)

Convergence de la méthode de volumes finis

Nous cherchons a généraliser les résultats de convergence de la méthode
des volumes finis de [15] (le cas plat) et [2] (le cas riemannien) au cas lorentzien.
La principale difficulté vient du fait qu’une variété lorentzienne ne nous fournit
pas de direction de temps privilégiée. Ce fait est d"une extréme importance pour
I'élaboration de schémas de volumes finis, puisque la définition du schéma
ainsi que les résultats de convergence doivent étre suffisamment robustes pour
en tenir compte. Cette difficulté apparait des que nous essayons de définir
le schéma de volumes finis. En effet, cette définition doit prendre en compte
précisément ’absence de toute coordonnée temporelle privilégiée.

Soient (M, ) une variété lorentzienne et 7" une triangulation en espace-
temps de M qui est composée d’éléments K. Nous supposons que chaque
élément K de la triangulation 7", qui sera un élément en espace-temps, a
exactement deux faces du type espace, une face “supérieure” ey et une face
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Fic. 1 — Les éléments du maillage

“inférieure” e, et le reste de son bord, noté par 'K, est du type temps. Le pa-
rametre h est tel que pour tout K, diam ey < h. Nous notons le vecteur normal
unitaire extérieur a K sur la face e par ng,, le centre de masse de ey par py, et
le centre de masse de d°K par p% . Nous notons par wy le vecteur tangent a
la géodésique reliant p; a p) et par K~ I'élément qui “précede” K, c’est-a-dire
I'unique élément K~ partageant la face ey avec K (voir la Figure 1).

Le schéma des volumes finis pour une variété lorentzienne peut s’écrire en
intégrant1’équation (4) sur un élément K. Nous trouvons, aprés une intégration
par parties,

- [ st s enave- [ g,

+ 3 | g p)mapdp = 0,

V0K V¢

ce qui suggere le schéma de volume finis

leflitke . (03) 1= leglpeg, () = ), 1l Qo ), 7)

e0edVK

avec la notation

= - [ (0P ) dp = f (100 ),

| 7)) ave ~ el o),

ﬁ $p(f(, p), ke (p) dVeo = €] Qe (i, U )-
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En notant que la fonction u pie_ (1) est monotone croissante, nous pouvons
7“K

réécrire le schéma de volume finis (7) en prenant l'inverse de pig: ¢+
T, e°]
K- = (HK“',e*) ( +|#Kg ( K) - Z | +| quO( KIuKO))
eVedK

Les fonctions-flux numériques qg (1, v) vérifient les hypotheses suivantes.

— Propriété de consistance

i) = f o, PV, = (0, ®)
e
— Propriété de conservation
Are0 (U1, 0) = —qx 0 (0, 1), u,veR. )
— Propriété de monotonie

aqu,eo (T/l, U) > 0/ aqu,eo (ul U) < O (10)

On suppose la condition de stabilité CFL suivante : pour tout K € 7", ¢ € dpK,

|0°K|

sup
| ueR

Tubta 0] SUP (1t )7 (0) < 1. (11)

De plus, on définit le parametre

K|

Tk =
lexl’
ot |[K| est la mesure (n + 1)-dimensionnelle de K, et on suppose que

hz

min Tk
K

T:= ml?x T« — 0, -0, (12)

lorsque h — 0.

La formulation (7) est suffisamment flexible pour pouvoir étre appliquée a
des triangulations assez générales, et se réduit a la formulation riemannienne si
I’évolution temporelle de la variété est triviale, c’est-a-dire, si M = R* X N, avec
N une variété riemannienne. En effet, dans ce cas les fonctions yé . S€ réduisent

7"K
al’identité, et le schéma (7) coincide avec le schéma du cas riemannien. Dans le
cas général du schéma (7), on peut a chaque pas de temps récupérer la solution
Z + * . f
approchée u; en inversant la fonction y Kw}(.).
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Hypotheéses sur la triangulation

Nous trouvons une condition optimale pour la triangulation en espace-
temps de la variété T" assurant la convergence du schéma. C’est une condi-
tion globale qui porte sur une quantité associée a 1’évolution temporelle de la
triangulation : la déviation locale du maillage. Cette quantité mesure locale-
ment I"écart de I’évolution temporelle du maillage par rapport a une évolution
cartésienne uniforme. Plus précisément, nous définissons la quantité

1
S(K) = EWK ® nK/@;(,

ol wi est le vecteur tangent en p} a la géodésique reliant p} a p%, et 7¢ est un
parametre associé a la taille de K dans la direction temporelle. Cette quantité
mesure la déformation de 1’élément K par rapport a un prisme de base ;. Nous
considérons alors le taux de variation locale de cette quantité,

IKIE(K) = IKTIE(KT),

que nous appelons déviation locale associée a K et K~ . Notre hypotheése consiste
a demander que la somme sur K € 7" de ces quantités appliquées a des champs
de vecteurs test X, Y tendent vers zéro avec h

| Y (Kiew) - K e )X, | =0, h=o.

KeTh

Résultat principal

Munis de ce critére d’admissibilité, nous démontrons le résultat de conver-
gence suivant.

Théoréme 1. Soit u" la suite de fonctions générée par la méthode des volumes finis (7)
sur une triangulation admissible, avec la donnée initiale uy € L*(Hy) et des fonction-
flux numériques vérifiant les conditions (8)—(12). Alors, pour tout T > 0, la suite u" est
uniformément bornée dans L*(No<<rHy}), et converge presque partout lorsque h — 0
vers 'unique solution entropique u € L*(M) du probleme de Cauchy (4),(6).

La démonstration de ce théoreme suit une stratégie proposée par Cockburn,
Coquel et LeFloch [15] ot1 les auteurs démontrent un résultat analogue dans le
cas euclidien, et généralisé par Amorim, Artzi et LeFloch [2] aux variétés rie-
manniennes. Ces preuves s’appuient sur des estimations de dissipation d’en-
tropie permettant de controler les termes d’erreur d’approximation et d’en
déduire une inégalité d’entropie discrete. Dans notre travail, I’'obtention d’es-
timations analogues s’avere bien plus difficile, a cause de l'influence de la
géomeétrie en espace-temps de la variété. Pour les détails de la démonstration,
on se renvoie au Chapitre 1.
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1.2 Approche basée sur des champs de formes différentielles

Le deuxieme chapitre de la these est consacré a 1'étude d’une nouvelle
version de la méthode de volumes finis basée sur des champs de formes
différentielles sur un espace-temps.

Loi de conservation sur un espace-temps

Soit M une variété compacte, orientée et différentiable de dimension (n +1),
que nous appelons un espace-temps. Nous considérons les lois de conservation
non-linéaires

dwu)) =0, u=ux),xeM, (13)

o, pour chaque # € R, w = w(u) est un champ des n-formes sur M. Nous
appelons w = w(u) les champs des flux de la loi de la conservation (13). Nous
remarquons que d représente 1’opérateur dérivée extérieure et donc d(w(u)) un
champ de formes différentielles de degré (n + 1) sur M. Avec les notations ci-
dessus, en introduisant des coordonnées locales x = (x*), nous pouvons écrire
pour tout u € R

(i) = " (@) ([dx)a,

@)y = dx® A AT A XA LA dX"
Les coefficients w* = w*(u) sont des fonctions réguliéres définies dans le dia-
gramme local choisi. Nous rappelons que l'opérateur d agit sur les formes
différentielles de degré arbitraire et si p est une p-forme et p’ une p’-forme,
alors

d(dp) =0, et dpnp)=dpnrp +(=1)'pndp.

Etant donnée une solution réguliere u de (2.4), nous pouvons appliquer le
théoreme de Stokes sur un sous-ensemble ouvert U qui est compact inclus dans

M. Nous obtenons
0= | d = * ,
fu (w(w)) fa (@)

ol JU est le bord régulier du U. De méme, si ¢ : M — R est une fonction
réguliere, on peut écrire

A () = dy A o(u) + ¢ d(w(u)),

ot le différentiel dy» est un champ de 1-forme. A condition que u satisfait (2.4),

nous trouvons
[ = [ avno
M M

et, par le théoreme de Stokes, nous obtenons

d = X .
fM ¥ A @) fa ()
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Remarquons qu’'une orientation appropriée du bord JM est requis pour cette
formule. Cette identité est satisfaite par toute solution réguliere de (2.4).

Etant données deux hypersurfaces H et H’, telles que H’ se trouve dans le
futur de H, nous avons également créé une propriété de contraction de deux
solutions entropiques u, v telle que

fQ(MHf,UH')SfQ(HH,UH)-
H H

Nous remarquons que pour tous réels u et v, le champ de n-formes Q(u,v)
est déterminé par des champs des flux w et il peut étre considéré comme une
généralisation de la notion d’entropie Kruzkov [u — 7|. Si u est une solution
réguliere de (13), alors les inégalités d’entropie prennent la forme

d(Qw)) - (@dQ)(w) + 9, U(u)(dw)(u) <0,

inégalités satisfaites au sens des distributions pour toute paire d’entropie (U, Q).
Un champ de flux w est appelé géométrie-compatible s’il est fermé pour
chaque valeur du parametre

do)@) =0, ueR.

Cette condition de compatibilité est naturelle car elle assure que les constantes
sont des solutions triviales de la loi de conservation. Il s’agit d'une pro-
priété partagée par de nombreux modéles de dynamique des fluides. Si w
est géometrie-compatible, les inégalités d’entropie prennent la forme suivante

d(Q@w)) < 0. (14)

Hypotheéses sur la triangulation

En relativité générale, il est une hypothése classique que 1'espace-temps est
globalement hyperbolique. Nous supposons que la variété M est feuilletée par
des hypersurfaces

M = U Ht,
0<t<T
ou chaque tranche a la topologie d"une n-variété N réguliere avec bord. Topo-
logiquement, nous avons M = [0, T] X N, et le bord de M peut étre décomposé
comme
8M = HO U HT U B,
B=(0,T)x N := LJaH; (15)
0<t<T

Soit 7" = Uxeqn K une triangulation de M composée d’éléments K satisfai-

sant les conditions suivantes.
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— Le bord dK = [J,e9x € d'un élément K est une n-variété réguliere par
morceaux contenant exactement deux faces du type espace e;, e et des
éléments “verticaux”

e’ € K := 9K \ {e};, ‘31_<}-

— Lintersection K N K’ de deux éléments distincts K, K’ € T" est soit une
face commune des K, K’ ou bien une sous-variété de dimension au plus
(n-1).

— La triangulation est compatible avec le feuilletage (14)-(15) s'il existe une
suite de temps t) = 0 < t; < ... <ty = T telle que toutes les faces du type
espace sont des sous-variétés de H, := H;, pour tousn = 0,...,N. Nous
désignons par T} ’ensemble de tous les éléments K qui admettent une
face appartenant a '’hypersurface initiale Hj.

Méthode de volume fini

Nous introduisons la méthode de volumes finis, afin de prendre la moyenne
de la loi de conservation (13) sur chaque élément K € T". En appliquant le
théoreme de Stoke, ot u est une solution réguliére de (13), nous obtenons

0= fK d(w(u)) = fa .

Puis nous décomposons le bord dK en e}, e et d°K, il vient

Li*w(u)—j;i*w(u)+ Z feoi*w(u):o.

K K e0edK

Etant donnée la moyenne des valeurs u; sur e, et u; sur e’ € d°K, nous avons
e

besoin d"une approximation u}, de la valeur moyenne de la solution u le long
de e. A cet effet, le second terme peut étre approché par

fi*a)(u) ~ fi*a)(ulz) = leglpe, (),

K K

et le dernier terme
ﬁ Fw(u) = qre(Ug, ”I_<eo)'
e

ot le flux total discret qx » : R*? — R doit étre prescrit.
Enfin, on arrive a la version proposée de la méthode des volumes finis pour
la loi de conservation (13)

f+ Fa@uy) = f o) = Y el g,

K K eVedVK
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ou bien de maniere équivalente,

lehpey (1) = lelpeg () = Y| aen(uig, 1), (16)

eVed'K

@@:fmw.

Nous supposons que les fonctions-flux numériques qg . vérifient les condi-
tions de conservation, consistance et monotonie analogues a (8)—(10) suivantes.

ot l'on a utilisé la notation

— Propriété de consistance

qreo (1, 1) = L "w(u). (17)
— Propriété de conservation
Q0 (0, 4) = =G 0 (1, 0)- (18)
— Propriété de monotonie
duqr o (1,v) >0, I5qk.0 (11, v) < 0. (19)

On suppose la condition de stabilité CFL suivante satisfaite. Pour tout K € T*,

f@mw<maﬁ. (20)

Nk
— max su
lez| eveaox up

Ensuite, nous supposons les conditions suivantes sur la famille de triangula-
tions

T2+ h? T2
lim ——— =1lim —/—= =0 (21)
>0 Tmin 0 h

OU Tmax := MaX;(tis1—1;) €t Tmin := min;(ti;1—1;). A titre d’exemple, ces conditions
sont remplies si Tmax, Tmin €t /1 disparaissent au méme ordre.

Résultat principal

Théoreéme 2. Sous les hypotheéses imposées ci-dessus sur les triangulations et a condi-
tion que le champ de flux soit compatible avec la géomeétrie, la famille des solutions
approchées u" générées par le schéma de volume fini (16) converge, lorsque h — 0, vers
une solution entropique de (13).

Notre preuve de convergence de la méthode de volumes finis est une
généralisation a un espace-temps de la technique présentée par Cockburn,
Coquel et LeFloch pour le cas plat et déja étendu aux variétés riemanniennes
par Amorim, Ben-Artzi, et LeFloch [2] et aux variétés lorentziennes par Amo-
rim, LeFloch et Okutmustur [3]. On se renvoie au Chapitre 2 pour les détails
de la démonstration.
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2 Estimation d’erreur et mise en oeuvre

2.1 Estimation d’erreur sur une variété

Le troisieme chapitre de la thése est consacré a 1'étude des estimations
d’erreur pour des schémas de volumes finis sur des variétés.

Le but est d’étendre 'estimation d’erreur pour les méthodes de volumes
finis de Cockburn, Coquel, et LeFloch [15, 13] aux variétés. Pour parvenir a ce
résultat, nous avons besoin de revoir la théorie de rapprochement de Kuznetzov
[28, 29] et d’adapter la technique développée dans [15].

Soit (M, g) une variété connectée, compacte, n-dimensionelle avec la métrique
g, C’est-a-dire, pour chaque x € M, g, est un produit scalaire sur 'espace tangent
T:M a x. Le probleme de Cauchy sur (M, g) s’écrit

du+ V- f(u,x) =0, u=u(t,x)eR, t>0, xeM

(0, %) = 1o(x), (22)

ot u : Ry X M — R est l'inconnue et le flux f = f,(u) = f(u,x) un champ de
vecteur régulier défini pour tout x € M et dépendant du parametre réel u.
Nous rappelons les inégalités d’entropie

dU(u) + Vg - F(u,x) < (Vg - F)(u,x) = U'(u)(Vg - f)(u,x),

ou (U, F) est une paire d’entropie si U : R — R est une fonction continue
lipschitzienne et F = F(u, x) un champ de vecteurs tels que pour presque tous
neRetxeM,

d,F(i1, x) = d,U(@1)d, f(1, x).

Dans cette étude, nous nous intéressons a la discrétisation du probleme (22)
dans le cas o1 la donnée initiale est bornée et sa variation totale est finie,

1y € L¥(M) N BV(M; g). (23)

En particulier, il est établi en [6] que si les données initiales sont bornées, le
principe du maximum suivant est établi :

()l < Co(T, §) + Cy(T, &) llu(s)llz vy, 0<s<t<T,

ou les constantes Cp, C) > 0 dépendent de T et de la métrique g.
Nous rappelons la définition de la variation totale d'une fonctionw : M — R

par

TV,(w) := sup fw div,¢ do,,
ll$lleo<1 M

ol ¢ décrit tous les champs de vecteurs de la forme C' a support compact.
Nous notons
BV(M; g) = {u € L\(M; g) / TV,(u) < oo},
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I'espace de toutes les fonctions a variation totale finie sur M. Il est bien connu
que le plongement BV(M;g) C LY(M;g) est compact a condition que ¢ est
suffisamment régulier.

Une propriété importante des solutions d’entropie pour (22) est la suivante :
u est a variation totale finie pour tout temps t > 0 si (23) est satisfaite, de plus

TV (u(t) < Ci(T, g) + Cy(T, g) TVy(u(s)), 0<s<t<T,

ou les constantes Cy, C; > 0 dépendent de T et de la métrique g. (Voir [6] pour
les détails). Cela implique un contrdle du flux de I’équation

sup f ‘divg (Flu, ), -))|dvg < C TV, (o).
t>0 M

Cependant, comme indiqué dans [2], cette inégalité peut étre dérivée plus direc-
tement delaloi de conservation et on vérifie que la constante C estindépendante
de T et de g, mais dépend de la plus grande vague de vitesse qui se pose dans
le probléme.

La famille de triangulations

Soit T > 0. Nous considérons le maillage uniforme t, :=nt (n =0,1,2,...)
sur la demi-ligne R,. Soit 7" une triangulation sur la variété M composée
d’éléments K dont les arétes sont rejointes par des faces géodésiques. Nous
supposons que, si deux éléments distincts Kj, K, € T" ont une intersection non
vide notée K; N K, = I, alors soit I est une face géodésique de K; et de K;, soit
H"1(I) = 0, avec H""! représentant la mesure de Hausdorff a n-dimension.

La bord JdK de K est composé de 1’ensemble de toutes les faces e de K.
Nous notons K, I'élément unique et distinct de K partageant la face e avec K.
La normale unitaire extérieure a un élément K en un point x € e est notée
n.x(x) € TyM. De plus, K| est la mesure Hausdorff de n-dimension et |e| la
mesure Hausdorff de (n — 1)-dimension. Posons

pi= ) lel, J:=suplhg:Ke T,
eedK

et pour chaque K € " le diametre hx de K est

hg := sup dq(x, ).

x,yeK

Nous posons
h:= supi{hx: K€ Th,

qui tend vers zéro selon une séquence de triangulations géodésiques. Nous
supposons aussi qu’il existe des constantes de y4,y, > 0 telles que

yi'h <1 <yih (24)
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et
v5 K| < hg p < y2lK| (25)

pour tout K € J". Cette condition implique que, lorsque h — 0,
T—-0, Wt - 0.

Enfin, nous posons T = 7 nr pour tout entier nr.

Formulation du schéma

Comme dans le cas euclidien ([15]), nous introduisons la méthode de vo-
lumes finis afin de prendre la moyenne de la loi de la conservation (22) sur
chaque élément K € T". Premierement, nous définissons

u'(t,x) = ul (t,x) € [ty tps) XM, (1=0,1,...) (26)

ou

uy ::ﬁu(tn,x) dvg(x),

ul ::fuo(x)dvg(x).
K
Puis, en vue de (22), nous écrivons
0= if u(t, x) dog(x) +:fdivg fu(t, x), x) dug(x)

un+l _n

N Sl SRS (Fult, y), nex(y))g dTg(y).

T |K| ecoK v ¢

Enfin, nous formulons le schéma de volumes finis par

T
e = = o Y el o, ) (n=0,1,...), (27)
|K| ecdK

ot les fonctions de flux f.x : R X R — R sont définies par

JU G, ), ) AT) ~ ),
satisfaisant les propriétés suivantes.

— Propriété de consistence : pour u € R,

foit 1) = f<f<u, 1), 0k (1)) AT (). (28)
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— Propriété de conservation : pour u,v € R,

fex(u,v) + for,(v,u) = 0. (29)

— Propriété de monotonie
d d
— > - <0.
Safx =0 S fu<0 (30)

Pour des raisons de stabilité de la méthode numérique, nous imposons la

condition de stabilité CFL suivante
T sup Px Lip(f) <1,
KeJh |K|

ot Lip(f) est la constante de Lipschitz de f.

Résultat principal

Théoréme 3. Soit u : Ry X M — R la solution entropique associée au probleme de
Cauchy (22) pour une donnée initiale uy € L*(M) N BV(M; g). Soit u" la solution
approchée définie par (26) et (27). Alors, pour chaque T > 0, il existe des constantes
Co = Co(T, g, lluoll=), Ci = Cy(T, g, TV¢(u0)),
Co = Cu(T, g, luollrzag)

telles que pour tout t € [0, T], on ait

" (t) = w2 ag)

< (Co Ml +Cy ) I+ (Co MY +(Co 1 ) ) M 2

1/2 1/2
+((Co Co) TIMZ + (G Co) ) IMI 1A

La démonstration de ce résultat généralise une technique de Cockburn,
Coquel et LeFloch [15] établie pour le cas plat. On se renvoie au Chapitre 3
pour les détails de la démonstration.

2.2 Version relativiste de I’équation de Burgers

Le quatrieme chapitre de la thése est consacré a 1’étude de la version relati-
viste de I'équation de Burgers et la mise en oeuvre de ce modele.

Nous considérons des lois d’équilibre hyperboliques posées sur un espace-
temps courbe (M, w) de dimension (N + 1) basé sur une forme volume

div’(T(0)) = S(v), (31)
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dont la fonction inconnue est le champ scalaire v : M — R et div® 1'opérateur
divergence associé a w. Le champ de vecteurs T = T(v) est défini sur la variété
M, et dépend de v en tant que parametre. La variété M (avec bord) est supposée
feuilletée par des hypersurfaces

M= U H, (32)

de sorte que chaque tranche H; est une variété a N-dimensions basée sur un
champ normal 1-forme N; et a la méme topologie que la tranche initiale de H.
L’ hyperbolicité globale de 'espace-temps et de 1’équation (31) est assurée en
supposant que la fonction

v T(v) := (N,, T(v)) est strictement croissante. (33)

De plus, S = S(v) est un champ scalaire donné, défini sur M en fonction de v en
tant que parametre.

Dérivation d’un modéle invariant de Lorentz

Nous recherchons les champs de flux T(v) pour lesquels les solutions de
I’équation (31) satisfont une propriété d’invariance de Lorentz. Afin de sim-
plifier le calcul, nous supposons maintenant que N = 1, S(v) = 0 et que la
variété M = [0, +o0) X R est couverte par une coordonnée particuliere (x%, x!)
avec w = dx%x'. Avec ce choix, I'équation (31) prend la forme d’une loi de

conservation
80T0(U) + alTl(U) = O,

ol dy = 9/dx° et d; = d/dx'. Nous supposons également que les fonctions
T° = T°(v) et T' = T'(v) sont indépendantes de (x°, x").

Nous rappelons que les transformations de Lorentz (x%, x') — (x°,x") sont
définies par

3= ve(V) (x* = e2Vxh),

_ 34
X =YV (V' + ), vy = (1-ev?) ", (54)

ot € € (—1,1) représente l'inverse de la vitesse normalisée de la lumiere, et y.(V)
est appelé facteur de Lorentz associé a une vitesse donnée V € (-1/¢,1/€).

Nous rappelons aussi que les équations d’Euler relativistes de fluides com-
pressibles sontinvariantes sous les transformations de Lorentz. Plus précisément,
étant donnée une vitesse V et d’apres les transformations de Lorentz (34), la
composante de vitesse v du fluide dans le systeme de coordonnées (x°, x!) est
liée a la composante v dans les coordonnées &, x") par

v-V

U= vy (35)
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Dans la limite non relativiste correspondant a € — 0, on retrouve, lorsque e = 0,
les transformations galiléennes

=2, ¥=-Vx'+x!, T=0v-V. (36)

La proposition suivante montre la propriété d'invariance de la loi de conser-
vation donnée, avec la forme exacte des fonctions de flux dans le cas non-
relativiste.

Proposition (Dérivation de 1’équation de Burgers non-relativiste). La loi de
conservation

AT’ () + 1T (v) = 0 (37)
est invariante par transformation galiléenne si et seulement si le flux T° est linéaire et

le flux T" est quadratique. Apres normalisation, on obtient

800 + (91(7)2/2) =0.

Résultat principal

Théoréme 4 (Version relativiste de I'équation de Burgers). La loi de conservation
dT°() + 1T (v) =0 (38)

est invariante par transformation lorentzienne si et seulement si, apres normalisation,
ona

v 1 1
ro-jEm 0 TosdEs) @

out le champ scalaire v prend sa valeur en (—1/€,1/e).

On se réfere au Chapitre 4 pour la démonstration.

Propriétés de 1’équation relativiste de Burgers

Nous proposons une version équivalente de la loi de conservation (38)
satisfaisant certaines propriétés dans le cas relativiste et non relativiste en
notant o

w:=T(v) = ——.
V1 - e?v?
Nous avons les propriétés suivantes.
1.

v . . R
w = ——— € R est une carte croissante et injective de (—1/¢,1/€) a R.

V1 — €202
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2. Avec la nouvelle inconnue w € IR, I'équation (38) est équivalente a
8Ow + 81f€(w) = 0,
1
fe(w) = g( + V1 + ew? - 1),

ou le flux fe est strictement convexe ou strictement concave et, par
conséquent, la loi de conservation (38) est vraiment non-linéaire dans
le sens que

(40)

80T1(U) 4
80T0(U) - fe (w)

est strictement croissant ou strictement décroissant selon T°(v).

3. Dans la limite non relativiste € — 0, on retrouve 'équation de type Bur-
gers non visqueuse
8Ou + (91(1/12/2) =0, (41)

ouuelR

Nous remarquons aussi que 1'équation (40) proposée conserve plusieurs
principales caractéristiques des équations d’Euler relativistes :

— I'équation (40) est de forme conservative, de maniere analogue a la conser-
vation de la masse-énergie dans le systéme d’Euler,

— notre inconnue v est contrainte de se situer dans l'intervalle (—1/¢,1/¢)
limitée par l'inverse du parametre vitesse de la lumiere, de maniere ana-
logue a larestriction imposée a la composante de la vitesse dans le systeme
d’Euler,

— en envoyant la vitesse de la lumiere a l'infini, on retrouve le modele
non-relativiste.

Effet de 1a géométrie

Pour davantage de simplicité dans la présentation, nous supposons que
'espace-temps et la loi de conservation admettent des symétries qui permettent
une réduction de dimension 1+1. Nous supposons que la variété est décrite par
un diagramme particulier et, apres identification, nous définissons M = R, XIR.

En coordonnées (x%,x') avec d, := d/dx* pour a = 0,1, les lois d’équilibre
hyperboliques prennent la forme suivante
Io(w T°(v)) + 01 (w T (v)) = w S(v), (42)

ouv: M — R est la fonction inconnue, T* = T%(v) est le champ de flux et
S = S(v) la source sur M, lorsque w = w(x) > 0 est une fonction poids. Cette
équation est hyperbolique dans le sens de d/dx! a condition que

d,T°(v) > 0. (43)
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On constate que la loi I'équilibre ci-dessus peut étre réécrite sous la forme

dov + 01 f(v) = S(v)

(44)
avec
9, f(®) = 3;;22; Q:=Inow, -
S(v) := aleo = (S@) - 20QT(0) - HQT'(v)).

Equations d’Euler relativistes avec une pression nulle

Les équations d’Euler relativistes avec une pression nulle, sont données par

ao(czf’vz) ra(25) =0,

= o (46)
80(C2 — Z)z) + 81(—C2 — 02) = O,

ou p est la densité, v la vélocité et c la vitesse de la lumiére. Soient ¢ = 1/€ et p
considérée comme une constante. On peut alors réécrire les équations (46) par

2 (47)
80(1 _Zz vz) + a1(10—) =0.

En appliquant un changement de variable

z = Y telleque v=v
1 - e2? 9 B

-1+ V1 +4e222

2e2z !

+

et en reformulant la seconde équation de (47), nous obtenons

-1+ V1 +4e2z2
8oz+(91( )

2¢2

Nous rappelons maintenant I’équation (40) de Burgers relativiste proposée

-1+ V1 +e2w?
8Ow+81( )

e2

Enfin, on peut constater que les deux équations sont équivalentes.
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Schéma de volumes finis bien équilibré

Nous supposons que 1'espace-temps courbe (1 + 1)-dimensionnelle (M, w)
est globalement hyperbolique, c’est-a-dire qu’il existe un feuilletage de M par
hypersurfaces H;, t € IR, compactes et orientées, du type espace telles que

M:UHt,

ou chaque tranche a la topologie de IR. Nous supposons également que M est
feuilletée par ces tranches.

Soit 7" = [Jgeqn K une triangulation de la variété M, composée d’éléments
espace-temps K. Le bord dK d'un élément K contient exactement deux faces
”de type espace” désignées par ¢, et e, ainsi que les éléments “de type temps”

e’ € I’K := 9K \ {e}g, eg}.
Nous notons que |K]| et |e| représentent les mesures de K et e.

Nous introduisons la méthode des volumes finis en faisant la moyenne de la
loi d’équilibre (42) sur chaque élément K € T" de la triangulation, en intégrant
en espace et en temps. Il vient

f(a)S)dVM = fdiv‘”(T(v)) AV
K K
Enfin, nous trouvons le schéma de volumes finis
T (0F) = - |ex|T - () — 0 - vn K| S i (07), (48
werlex| Tt (V) = welexl T, (vg) le”lwegre (U, Uk , )+ @akld K| Sqo (), (48)
e0ed0K
ot nous avons introduit les approximations suivantes

f T°dV, = leg|Te. (%), f T'dVe = |e%| g (vk, U ),

0
X e

et
f SdVx =~ |0°K]| Syox,
d'K

ou
1 = 1
To(0):= — f T(0)dV,,  S,(v) == — f S@)dV,.
|e| e |e| e
Nous avons associé a chaque élément K et ¢’ € 0°K une fonction flux numérique

greo : R? - R localement lipschitzienne satisfaisant certaines hypotheses, a
savoir les propriétés de consistance, de conservation et de monotonie.



22 INTRODUCTION

De plus, si nous choisissons un systéme de coordonnées locales sur M avec
un maillage cartésien, nous trouverons en coordonnées locales la méthode des
volumes finis

_ 0g
wijTisj = wijTij— A(a)i,jn/z Bij+1/2 = Wij-1/2 ‘71‘,]‘—1/2) + wg, |AX| S;

— — (40 20 1 1
Kij =T x Jj = (), X)X (X210, Xj110)-

Des tests numériques mettent en évidence la convergence et la pertinence de
ce schéma. Pour ces résultats, on se renvoie au Chapitre 4 .



Partie I

Convergence de la méthode de
volumes finis sur une variété: deux
approches
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Chapitre 1

Approche basée sur une métrique”

Approach based on a metric

1.1 Introduction

We are interested in discontinuous solutions to nonlinear hyperbolic conser-
vation laws posed on a globally hyperbolic Lorentzian manifold, and we in-
troduce a class of first-order, monotone finite volume schemes which enjoy
geometrically natural stability properties. In turn, we conclude that the pro-
posed finite volume schemes converge (in a strong topology) toward entropy
solutions to hyperbolic conservation laws. Recall that the well-posedness the-
ory for nonlinear hyperbolic equations posed on a manifold was recently es-
tablished by Ben-Artzi and LeFloch [6] and LeFloch and Okutmustur [34, 35].
On the other hand, our proof of convergence of the finite volume method can
be viewed as a generalization to Lorentzian manifolds of the technique intro-
duced by Cockburn, Coquel and LeFloch [12, 15] for the (flat) Euclidean setting
and already extended to Riemannian manifolds by Amorim, Ben-Artzi, and
LeFloch [2].

Major conceptual and technical difficulties arise in the analysis of partial
differential equations posed on a Lorentzian manifold. Several new difficulties
also appear when trying to generalize the convergence results in [2, 12, 15] to
Lorentzian manifolds. Most importantly, a space and time triangulation must
be introduced and the geometry of the manifold must be taken into account
in the discretization. We point out that, on a Lorentzian manifold, one cannot
canonically choose a preferred foliation by spacelike hypersurfaces in general,
so that it is important for the discretization to be robust enough to allow for
a large class of foliations and of spacetime triangulations. From the numeri-
cal analysis standpoint, it is challenging to design and analyze discretization
schemes that are consistent with the geometry of the given manifold. Our

“En collaboration avec P. Amorim et P. G. LeFloch [3].
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guide in deriving the necessary estimates was to ensure that all of our argu-
ments are intrinsic in nature, and thus do not explicitly rely on a choice of local
coordinates.

The main assumption of global hyperbolicity made on the given Lorentzian
background is natural, and ensures that the manifold enjoys reasonable causal-
ity properties. Furthermore, the class of schemes considered in the present
paper is quite general and, essentially, requires that the numerical flux func-
tions are monotone. It encompasses a large class of spacetime triangulations,
in which the elements may become degenerate (in the limit) in the spatial
direction.

More specifically, we show here that the proposed finite volume schemes
can be expressed as a convex decomposition of essentially one-dimensional
schemes, and we derive a discrete version of entropy inequalities as well as
sharp estimates on the entropy dissipation. Strong convergence towards an
entropy solution follows from DiPerna’s uniqueness theorem [18].

For another approach to conservation laws on manifolds we refer to Panov
[40] and for high-order numerical methods to Rossmanith, Bale, and LeVeque
[41] and the references therein. DiPerna’s measure-valued solutions were used
to establish the convergence of schemes by Szepessy [43, 44], Coquel and
LeFloch [9, 10, 11], and Cockburn, Coquel, and LeFloch [12, 15]. For many
related results and a review about the convergence techniques for hyperbolic
problems, we refer to Tadmor [46] and Tadmor, Rascle, and Bagneiri [47].
Further hyperbolic models, including also a coupling with elliptic equations,
as well as many applications were successfully investigated by Kroner [25],
and Eymard, Gallouet, and Herbin [20]. For higher-order schemes, see the
paper by Kroner, Noelle, and Rokyta [26]. Also, an alternative approach to the
convergence of finite volume schemes was proposed by Westdickenberg and
Noelle [50]. Finally, note that Kuznetsov’s error estimate, established in [12, 15]
in the Euclidian setting, was recently extended to hyperbolic conservation laws
on manifolds [33].

An outline of this paper follows. In section 3.2, we state some preliminary
results from the theory of conservation laws on manifolds. In section 1.3, we
introduce a class of finite volume schemes, and state the assumptions made on
the discretization. Next, we state our main convergence result in Theorem 1.5.
In section 1.4, we gather several important remarks and examples of particular
interest. In section 1.5 we derive various stability estimates, which are of
independent interest and are also later used, in section 1.6, to conclude with
the convergence proof for the proposed schemes.
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1.2 Preliminaries on conservation laws on a Lorent-
zian manifold

We will need some existence results, for which we refer to [6, 34, 35]. Let (M, g)
be a time-oriented, (d + 1)-dimensional Lorentzian manifold. Here, g is a metric
with signature (-, +,...,+), and we recall that tangent vectors X € T,M at a
point p € M can be separated into timelike vectors (g(X, X) < 0), null vectors
(8(X, X) = 0), and spacelike vectors (g(X, X) > 0). The manifold is assumed to
be time-oriented, so that we can distinguish between past-oriented and future-
oriented vectors. The Levi-Cevita connection associated to g is denoted by V
and, for instance, allows us to define the divergence operator div,. Finally we
denote by dV, the volume element associated with the metric g.

Following [6], a flux-vector on a manifold is defined as a vector field f =
f(u,p) depending on a real parameter u, and the conservation law on (M, g)
associated with f reads

divg (fu,p)) =0, u:M-R. (1.1)
Moreover, the flux-vector f is said to be geometry compatible if
div, f(u,p) =0, ueR, peM, (1.2)
and to be timelike if its u-derivative is a timelike vector field
(0. f@ p),duf@p) <0, peMucR (1.3)

We are interested in the initial-value problem associated with (1.1). So, we

tix a spacelike hypersurface }; C M and a measurable and bounded function 1,

defined on JHy. Then, we search for a function u = u(p) € L*(M) satisfying (1.1)

in the distributional sense and such that the (weak) trace of u on H, coincides
with uy, that is,

Uz, = Up. (14:)

It is natural to require that the vectors d, f (i, p), which determine the propaga-
tion of waves in solutions of (1.1), are timelike and future-oriented.

We assume that the manifold M is globally hyperbolic, in the sense that there
exists a foliation of M by spacelike, compact, oriented hypersurfaces H; (t € R):

M=U5{t.

Any hypersurface 3, is referred to as a Cauchy surface in M, while the family
of slices H; (t € R) is called an admissible foliation associated with 3;,. The future
of the given hypersurface will be denoted by

M, := U %,

t>0
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Finally we denote by n' the future-oriented, normal vector field to each 3(;, and
by ¢' the induced metric. Finally, along H;, we denote the normal component
of a vector field X by X!, thus X' := ¢(X, n'). In the following, when there is no
risk of confusion, we write F(u) instead of F(u, p).

Definition 1.1. A flux F = F(u,p) is called a convex entropy flux associated with
the conservation law (1.1) if there exists a convex function U : R — IR such that

F(u,p) = f ,UW’)d, f(u',p)du’, peM,uclR.
0

A measurable and bounded function u = u(p) is called an entropy solution of conser-
vation law (1.1)—(1.2) if the following entropy inequality

g(F(u),Vg(p)dVg+j1;[ (divg F)(u) ¢ dV,

M.

+ f go(F(I/lo), 1’10) (Pg-(o dVgo - f U’(u)(divg f)(u)qf)dVg >0
FHo M.

holds for all convex entropy flux F = F(u, p) and all smooth functions ¢ > 0 compactly
supported in M.

In particular, the requirements in the above definition imply the inequality
dive (F(u)) - (divg F)(u) + U'(u)(divg f)() < 0

in the distributional sense. Next, denoting the space of integrable functions
defined on the Riemannian slice (I, ;) by L;t (Hy), from [6, 34, 35] we recall the
following result.

Theorem 1.2 (Well-posedness theory for conservation laws on a manifold).
Consider a conservation law (1.1) posed on a globally hyperbolic Lorentzian manifold
M with compact slices. Let Hy be a Cauchy surface in M, and uy : Hy — R be
a function in L®(Hy). Then, the initial-value problem (1.1)—(1.4) admits a unique
entropy solution u = u(p) € L (M,). Moreover, for every admissible foliation H; the
trace wy, € Lg, () exists as a Lipschitz continuous function of t. When the flux is

geometry compatible, the functions
||Ft(u|9{t)||L§,t(}ct)/

are non-increasing in time, for any convex entropy flux F. Moreover, given any two
entropy solutions u, v, the function

I1f (ue) = f1 @l 06

is non-increasing in time.
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Throughout the rest of this paper, a globally hyperbolic Lorentzian manifold
is given, and we tackle the problem of the discretization of the initial value
problem associated with the conservation law (1.1) and a given initial condition
where uy € L*(Hp). In the present paper, we do not assume that the flux
f is geometry compatible, and we refer to [35] for the generalization of the
above theory. Throughout the present paper, we require the following growth
condition: there exist constants C;, C, > 0 such that for all (i, p) € R x M

(divg f)(, p)l < C1 + Ca[ul. (1.5)
Two important remarks are in order.

e First of all, the terminology here differs from the one in the Riemannian
(and Euclidean) cases, where the conservative variable is singled out.
The class of conservation laws on a Riemannian manifold is recovered by

taking M = R X M, where (]\71, 3) is a Riemannian manifold and f(u,p) =
(, f(i1,p)) € RxT,M. We can then write div, (f(u, p)) = Juu+divy (f(u, p)).

e Second, in the Lorentzian case no time-translation property is available
in general, contrary to the Riemannian case. Hence, no time-regularity is
implied by the L}gt contraction property.

1.3 Formulation and main result

1.3.1 Definition of the finite volume schemes

Before we can state our main result we must introduce some notation and
motivate the formulation of the finite volume schemes under consideration. We
consider a spacetime triangulation 7" = | Jg. K of the manifold M, which is
made of (compact) spacetime elements K and satisfies the following conditions:

e The boundary JK of an element K is a piecewise smooth d-dimensional
manifold without boundary, JK = [J,.5xe, and each d-dimensional el-
ement e is a smooth manifold with piecewise smooth boundary and is
either everywhere timelike or everywhere spacelike. The outward unit
normal to e € JK is denoted by ng,.

e Each element K contains exactly two spacelike elements, with disjoint
interiors, denoted by ¢; and e, such that the outward unit normals to K,
Nyt and ng,, are future- and past-oriented, respectively. They will be
called the outflow and the inflow elements, respectively.

e For each element K, the set of the lateral elements d°K := 9K \ le}, ex} is
non-empty and timelike.
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e For every pair of distinct elements K, K’ € 7", the set K N K’ is either a
common element of K, K’ or else a submanifold with dimension at most

(d-1).
o Hy C Ukeqn K, where K is the initial Cauchy hypersurface.

e Forevery K € 7", diamet < h.

For computing the diameter above, we assume that some reference Riemannian
metric is fixed on the Lorentzian manifold; such a metric can be easily intro-
duced from the expression of the Lorentzian metric (by replacing the signature
(=, +,...,+) by (+,+,...,+) in the expression in local coordinates). Given an
element K, we denote the unique element distinct from K sharing the element e
(resp. e) with K by K* (resp. K7), and for each ¢” € 9°K, we denote the unique
element sharing the element ¢° with K by Ky. In addition, it is convenient to
assume that the boundary of the element does not widely “oscillate”, in the
sense that for all smooth vector fields X defined on ey,

g, (X (p), nK,e,;(P))”cZ(e;) < ||X(P)||c2(e;), (1.6)

where the implied constant (in <) is fixed once for all. This condition is intended
to rule out oscillations on the normal vector field due to the geometry of ey. It
restricts the variation of the normal on each element ¢}, but not the variation
from one element to the next.

The most natural way of introducing the finite volume method is to view
the discrete solution as defined on the spacelike elements ¢; separating two
elements. So, to a particular element K we may associate two values, uy and
uy associated to the unique outflow and inflow elements e}, e;. Then, one
may determine that the value ug of the discrete solution on the element K is the
solution u; determined on the inflow element ey (one could just as well say that
ug is the solution u} determined on the outflow element e}, or some average of
the two, as long as one does this coherently throughout the manifold).

Thus, for any element K, integrate equation (1.1), apply the divergence
theorem and decompose the boundary JK into its parts ¢}, ey, and J°K:

_ﬁgp(f(M,P),nK,e;(P))dVg—fgp(f(u,p),nKleK(p))dVg
- ’ (1.7)
+ Z ﬁgp(f (1, p), g0 (p))dp = 0.

V0K V¢

For any hypersurface e C M, we will often denote simply by dV, = dV,, the
volume element of the induced metric g, associated with the Lorentzian metric
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g. Note the minus sign in the first two terms which comes from the fact that,
for a Lorentzian manifold, the divergence theorem reads

f div, fdVe = f S(F, Vo,
Q 0Q

in which fi is the outward normal if it is spacelike, and the inward normal if it
is timelike. This formula is nothing but the standard divergence theorem, with
the signs of the normals properly taken into account.

Given an element K, we want to compute an approximation uy of the
average of u(p) in the outflow element ¢}, given the values of uy on ¢, and of
uy for each ¢’ € K.

Ko
The following notation will be useful. Let f be a flux on the manifold M, K
an element of the triangulation, and e C JK, respectively. Define the function

lui,e:]R—ﬂRby

bl (1) :=|17| (f p) ne(p)) AV = fgp(f(u,m,nk,e(p))dve, (1.8)

where |e| is the measure of e. Also, if w : M — R is a real-valued function, we

write
Ue ::fw(p)dve.

Using this notation, the second term in (1.7) is approximated by

f gP(f(u/ p)/ nK,e;(p)) dvg = |el_<|}fl£el—<(u1_<)/

and the last term is approximated by using

| st o) v ~ il aatu, i),

where to each element K, and each element ¢” € 0°K we associate a locally Lip-
schitz numerical flux function qg»(u,v) : R* - R satisfying certain assumptions
listed below.

Therefore, in view of the above approximation formulas we may write, as
a discrete approximation of (1.7),

kIt o 1) 2= leglue, () = ) 1l Qi i), (L9)
eedK

which is the finite volume method of interest and, equivalently

= G (00 - Y e aeetzig,) (10

UeaoK
The second formula which may be carried out numerically (using for instance
a Newton algorithm) is justified by the following observation:
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Lemma 1.3. For any K € T", the function u ‘uéei(u) is monotone increasing.
Proof. From (1.8) we deduce that

duptl, () = f u(duf (1, p), e (p)) Ve > 0,
ek .
since d, f(u, p) is future-oriented and ng,._ is past-oriented. O

Now, if e C Hy, the initial condition (1.4) gives

Uy = yZE =f uo(p)dv.,. (1.11)

K

Finally, we define the function u" : M — R by
u'(p) :==uy, pek (1.12)
On the other hand, for all ¢ € dK we introduce the notation

fe(u, p) == gp(f(u, p), Nk e(p))- (1.13)

1.3.2 Assumptions on the numerical flux

For the numerical flux qg» (1, v) : R* - R we impose the following properties.

e Consistency property :
Al ) = f ol PV, = (0 (114)

o Conservation property :

qreo(u,0) = _quo,eo(U/ u), u,veR. (1.15)

e Monotonicity property :

aqu,eO(u/ U) > O/ aqu,CO(u/ v) < O (116)

For each element K, define the time-increment

IKI

T =
K |eI_2|1
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Figure 1.1: Elements of triangulation

where [K] is the ((d + 1)-dimensional) measure of K. We suppose that, ash — 0,

T = maxTg — 0 (1.17)
and
hz
: — 0. (1.18)
min 7

For stability purposes, we also impose the following CFL condition, for all
KeT" e e 9yK,

0°K|
- Sup
e[-zl uelR

3u/v‘£,60(u)| Suﬁ}? 81,(/J£+,€E)_1(u) <1 (1.19)

1.3.3 Assumptions on the triangulation and main convergence
result

For the triangulation 7", we will introduce an admissibility condition that is
global and geometric in nature, and which is essentially optimal to ensure
the convergence of the proposed schemes (see the following subsection for
details). The condition only involves the time-evolution of the triangulation
and is independent of the structure of the triangulation on spacelike elements.
We stress that our method poses almost no restriction on the spacelike structure
of the discretization.

The following notation will be used throughout this paper (see Figure 1.1).
Let K € J%. We denote by p% and p; the centers of mass of d°K and e;,
respectively. Note that p% does not lie on d°K (or even “close” to it), and



34 CHAPITRE 1. APPROCHE BASEE SUR UNE METRIQUE

that py does not necessarily lie on e;. Next, we define the vector wx € T,:M
as the vector at pj tangent to the geodesic line connecting p; to p% and with
length dist(p}, p%) given by the reference Riemannian metric. This vector is
well-defined if the discretization parameter / is small enough.

We will also make the following assumption on the triangulation, namely
that for & sufficiently small, and for each element e}, we may extend the normal
vector field ng,: by parallel transporting it (using the metric structure on the
manifold) to a neighborhood of ¢}, containing py. This is a natural assumption,
which ensures that each element e}, of the triangulation tends to become flat in
the limit.

Consider the quantity

1
E(K) := —wg @ ng,r,
Tk

which can be viewed as a quadratic form on T;: M. If X, Y are two vectors at
the point p;, we have

1 1
8(K)(X/ Y) = EWK ® nK,eIt (X/ Y) = Egp;g(x/ WK) g}:’z(Y/ nK,e;é)'

We define the local deviation associated with K, K~ by
IK|E(K) — [KT[E(KT),

which measures the rate of change of the quantity |K|E(K)(X, Y) with respect to
the timelike direction defined locally by the normals to the elements e;. Our
admissibility criterion below requires that this rate of change should tend to
zero with & (after summation over all K € T%).

Definition 1.4. A triangulation T" is called an admissible triangulation if for every
vector field @ with compact support and every family of smooth vector fields W,
K € T" (each of them being defined on the manifold and associated with a given K), the
local deviation satisfies

‘ Z IKIE(K)(D, k) — IKTIEKT)ND, Wk)| < n(h) [|D]|= sup IWkllp (1.20)
KeTh

for some fixed function n(h) with n(h) — 0.

Observe that, in (1.20), the vector ng.:(pyx) € T,M makes sense, since the
normal vector field was extended to include a neighborhood of . The as-
sumption (1.20) is a global geometric condition on the local deviation of the
triangulation. As further discussed in Section 1.4 below, this condition allows
us to encompass a large class of implementable spacetime triangulations.

Finally, we are in a position to state the following theorem.
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Theorem 1.5 (Convergence of the finite volume schemes). Let u" be the sequence
of functions generated by the finite volume method (1.9)—(1.12) on an admissible
triangulation, with initial data uy € L%(JHy), with numerical flux satisfying the
conditions (1.14)—(1.16), and the CFL condition (1.19). Then, for every T > O the

sequence u" is uniformly bounded in L°°( Usero,m ﬂ{t) in terms of the sup-norm of

the initial data, and converges almost everywhere (when h — 0) towards the unique
entropy solution u € L;> (M) to the Cauchy problem (1.1), (1.4).

In Section 1.5 below, we will derive the key estimates required for the proof
of Theorem 1.5 which will be finally be given in Section 1.6. We follow here the
strategy originally developed by Cockburn, Coquel and LeFloch [12, 15] for
conservation laws posed on a fixed (time-independent) Euclidian background.
New estimates are required here to take into account the geometric effects and,
especially, during the time evolution in the scheme. We will start with local
(bothin time and in space) entropy estimates, and next deduce a global-in-space
entropy inequality. We will also establish the L* stability of the scheme and,
tinally, the global (spacetime) entropy inequality required for the convergence
proof.

1.4 Examples and remarks on our assumptions

1.4.1 Admissible triangulations and lack of total variation es-
timate

Our assumption on the triangulation is essentially optimal. We argue by de-
scribing the setting in which the condition (1.20) will actually be used within
our proof of Theorem 1.5. We also provide evidence that, in general, the finite
volume method may not converge without this assumption.

In the proof of convergence (see Section 1.6), it is necessary to bound a term
of the form

A00) = 3 (1etls(wie X002 (P, p )

KeT"
+ lexlg (WK‘/ X(p;}))g (F (g, P, nK,e;()),

where X is a smooth vector field, py is the center of mass of e, and the sum is
taken over the whole spacetime triangulation. Recall that the vector wx was
defined earlier in this section. The above term must vanish in the limit for the
tinite volume schemes to converge and, furthermore, is an entirely new term
that does not arise in the Euclidean nor Riemannian settings.

Note that both terms in the expression A*(X) involve F(ug,-) and, conse-
quently, the terms cannot be cancelled by re-ordering the expression. Therefore,
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if one were to integrate by parts the (discrete) sums, we would find ourselves
in need of the uniform bound

Y

KeTh

leglu — leglug| = o(1). (1.21)

However, it is well-known that this BV (bounded variation) time estimate is a
very difficult open problem in the numerical analysis of finite volume schemes.
Indeed, deriving (1.21) is open, even in the simplest Euclidean setting whenever
the spatial discretization is not Cartesian.

On the other hand, one key observation made by Cockburn, Coquel, and
LeFloch [12, 15] was that (1.21) is not necessary for the analysis of the conver-
gence of the finite volume method, provided one considers L* solutions rather
than solutions with bounded variation.

The notion of admissible triangulation introduced in the present paper
supplements the observation in [12, 15] and provides the precise condition
ensuring the convergence of the schemes. In the Euclidian or Riemannian cases,
our admissibility condition imposes no new constraint on triangulations. In
view of our condition in Definition 1.4, it is easily checked that the term A"(X)
converges to zero. Indeed, recalling the definition of 1", we find

AN X)| =

Y (IKIE®K) = IKTIEKD))(X, Fu)
KrneJh
< n(h) — 0.

Thus, no control on the total variation of the discrete solution is required, and
instead the proposed geometric condition on the triangulation suffices. See
Section 1.4.4 for a further discussion.

1.4.2 Foliation by hypersurfaces and choice of triangulations

Our analysisis valid for any time-evolution that one may want to choose for the
discretization, provided the assumptions on the triangulation in Definition 1.4
are met. These assumptions are independent of the actual foliation of the
manifold appear to be essentially optimal, within the framework developed
in the present paper. In fact, our method of proof is not tied to any particular
time structure on the manifold — it only supposes that such a structure exists,
which is a completely general assumption required for solving the initial value
problem.

In particular, if a certain hypersurface 3 belongs to a given triangulation "
(for some h), then this hypersurface need not be included in the triangulations
T" with i’ < h. That is to say, the discretization is not associated with any a
priori fixed foliation, nor does the relation 7 ¢ 7" hold for i’ < h.
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On the other hand, in Proposition 1.6 below, we are going to examine the
special case where the triangulation is subordinate to a given foliation, and
prove that it is admissible in the sense of Definition 1.4.

Furthermore, our formulas do coincide with the formulas already known

in the Riemannian and Euclidean cases. In these cases, the function yﬁe_ (u)
7“K

coincides with the identity function ‘u£ .- (1) = uand, therefore, the finite volume
7K

scheme reduces to the scheme studied in [2, 12, 15]. Also, our expression for
the time increment 7 and the CFL condition (1.19) reduce to the usual formulas
when specialized to the Euclidean or Riemannian setting.

1.4.3 Choice of flux-functions

Examples of scalar equations can be exhibited by taking any smooth, timelike
vector field X and any smooth real function f(u) and setting f(u, p) := X(p) f ().
The conservation law then reads div, (X(p) £ (u(p))) = 0, and the flux is non-
trivial and involves the geometry of the manifold.

In the interest of practical implementation, one may replace the right-hand
side of the equations (1.8) and (1.11) with more realistic averages. For instance,
one could take an average of g(f(u, p), ng.) over N spatial points p; given from
some partition e’ of ¢,

1y
) = 1 ]Z; €/19(F (1, py), ke (p)).

Hence, more generally, one could fix an averaging operator yie_, and then use
7K
the equation (1.10) to iterate the method, with initial data given by

= .— ;%0
Ug =,
K
However, any such average is just an approximation of the integral expression

used in (1.8). This approximation can be chosen to be of arbitrary high-order
in the parameter &, by choosing appropriate quadrature formulas. For the sake

of clarity, we will present the proofs with the choice yée defined by (1.8) and
we will omit the (straightforward) treatment of the error terms issuing from
the above approximations.

As an example of numerical flux, one can consider the following general-
ization of the Lax—Friedrichs flux,

1 Dy 0
%M%mzi@%wmwgﬂﬁ+%%w—m, (1.22)

where the constants Dy . satisfy Dx o = Dy, 0 and
lexl

K NP
Dio > ma{ sup duprc o) (w)
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This numerical flux is conservative and consistent, and it is monotone, as may
be checked using the CFL condition (1.19).

1.4.4 A class of examples based on a geometric condition

We provide here an explicit condition which is geometric in nature and suffices
for a triangulation to be admissible in the sense of (1.20). Recall that pi denotes
the center of mass of e and that the vector wyx denotes the tangent at py to the
geodesic from p}, to the center of d°K.

Proposition 1.6. Let T" be a triangulation and suppose that, for each element K, the
rescaled exterior normals IeIJgInK,ez and Iel‘<|r11<,el2 and the vectors wg and W- satisfy the
following conditions: for every smooth vector field X,

R _ (h)
|8(lef ke, X) — glleginge, X)| < TYT IKHIX ek, (1.23)
|8(wi, X) = g(wi-, X)| < n(h) T |1 X| k. (1.24)

where the expressions under consideration are evaluated at the centers of mass of ey,
and ey, and 1)(h) is such that n(h) — 0. Then, T" is an admissible triangulation in the
sense of (1.20).

For instance, one can easily check that if a triangulation is subordinate to a
given foliation (in the sense that the set of all outgoing elements {e} : K € 7"} is
contained in a certain Cauchy surface), and if, moreover, each lateral element
e is everywhere tangent to a given, fixed, smooth timelike vector field, then
the hypotheses of Proposition 1.6 hold. However, our condition (1.20) or the
ones in Proposition 1.6 allow for more general triangulations, which need not
satisfy such regularity assumptions.

Proof. Let @ be a smooth vector field and, for each K, let W be a family of
smooth vector fields defined on M. We have

Y IKIE(K)(@, W) — [KTIE(K)(®, W)
KeTh

= Z (|€1+<|W1< ® nger — leglwi-® nK,eg)(q)/ W)
KeJ

= Z §(wi, D) g(legIn.e;, W) — g(wi-, @) g(legInke, W),
KeT"
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thus

Y, IKIER)®, W) - [KIEK )@, P)
KeTh

=| Y, stwic, ®)(s(leginke;, W) — gleglnie, W)
KeJh

+ (3w, ®) - gwic, D) gletInicey, W)
<0 Y KNl Wil < Il sup Wl
K

KeJh

In view of (1.20), this shows that J" is an admissible triangulation. O

1.5 Discrete entropy estimates

1.5.1 Local entropy dissipation and entropy inequalities

We now introduce some notation which will simplify the statement of the
results as well as the proofs. By defining

i) 1= e, (1) = —pg . (),

TR
the finite volume method (1.10) reads as
el (1) = lelug () = Y 1elqganii, Uy, ). (1.25)
eVed'K

Asin [2,12,15], we rely on a convex decomposition of u(u}), which allows us
to control the entropy dissipation.
Define fiy , by the identity

|0°K]

—<qK,€0 (uI_</ uI_<€U) — gK.e0 (u[_</ u1_<))/

~ —— + —
fig 0 = prlg) — —
eKI

and define

_ B 1 ) ~
H;;eo = le,eo - et flegf(”K/P) dV. (1.26)
K K

Then, one has the following convex decomposition of uz(u}), whose proof is
immediate from (1.25).

1 _
#) = T Y 1l (1.27)

eVedK
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Lemma 1.7. Let (U(u), F(u, p)) be a convex entropy pair (cf. Definition 1.1). For each
K and for each e = ey, ey, let Vi, : R — R be the convex function defined by

Vie(@) = pif ((uf,) @), a€R (1.28)

Then there exists a family of numerical entropy fluxes Qg o(u,v) : R* — R satisfying
the following conditions.

® Qg is consistent with the entropy flux F:
Qgeo(it, 1) = g o (1), KeT" e e K uelR.
o Conservation property:
Qg (1, v) = —QKeolgo(v, u), u,veR.
e Discrete entropy inequality:

VK*,@E (Fl;,eo) - VK*,e;g (H}?(ulz))

|&OK| L o (1.29)
+ W(QK,eO(uK/ Ug ) = Qoo (U, uK)) <0.
K
From the inequality (1.29) we infer that
VK*,E}E(‘UK/EO) - VK*,eI’E (HK(”K))
|&OK| o o (1.30)
+ e—IU(QKIEO (”K/ uKeo) - QK,@O (MK, u[()) < R;;eo;
where R} , is given by
RIJE,eO = VK*f,e;g (ﬁlt,eﬂ) - VK+,eI§([/~l;;eo)- (1.31)

Proof. To begin, we prove that the functions Vg, in (1.28) are indeed convex.
First, note that it is sufficient to show that

Vice() = f U () 0))do (1.32)

Indeed, using the convexity of U and the monotonicity of (‘uile)‘l, for e = ey, e
(cf. Lemma 1.3), the convexity of Vi, follows by differentiating this expression
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twice. To prove (1.32), note that setting o = (Hﬁre)_l(o), we find
u ; () () ;
[ (et = [ U@ @da

(1) ()
:fg(fy ' U'(a)d, f(a, p)de, nK,e(p)) av,

= f $(FL) ™ (), p) o)) AV = ik () (),

which establishes (1.32).
We now proceed with the proof of the lemma. First of all, note that using
(1.28) we may write the inequality (1.29) equivalently as

T (T () B THN U

9K (1.33)
| o | (Qe itz Ug ) = Qe (g, ug)) < 0.
K
Indeed, we have for instance
Vice o (001 = e e (e o)™ (010)) = e 2 (0.
Next, introduce the following operator. For u,v € R, ¢° € J°K, let
10°K]|
Hyeo(u,0) := p(u) — e—+|(qz<,eo(u, v) - qra (1, 1)).
K
We claim that Hg . satisfies the following properties:
iH (u,v) 20 iH (u,v) 20 (1.34)
oL K0\, =Y 90 K0\, = Y, .
Hyoo(u, 1) = pg(u). (1.35)

The second and last properties are immediate. The first is a consequence of the
CFL condition (1.19) and the monotonicity of the method. Indeed, from the
definition of Hg (1, v) we may perform exactly the same calculation as in the
proof of Lemma 1.8 to prove that Hyo(u,v) is a convex combination of p(u)
and uz(v), which in turn are increasing functions. This establishes the first
inequality in (1.34).

We now turn to the proof of the entropy inequality (1.33). Suppose first that
(1.33) is already established for the Kruzkov family of entropies U(u, ) = [u—A|,
F(u, A, p) = sgn(u — A)(f(u,p) = f(A,p)), A € R. In this case, the Kruzkov
numerical entropy flux are given by

§1<,e0(”/ U, A) = qreo(VAOVA)=qreo AAUVANA),
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where a V b = max(a,b), and a A b = min(a,b). It is easy to check that Qg
satisfies the first two conditions of the lemma.

We now show that it is enough to prove inequality (1.33) for Kruzkov’s
entropies only. Indeed, if U is a smooth function which is linear at infinity, we
have (formally)

1 7 17 — 1 17’
: fR T, VU ()i = 5 fR T (u, )YUN)dA
_ %@:u, L)) = Uu),

modulo an additive constant. Similarly, if (U, F) is a convex entropy pair, we
obtain

1 —
: fIR F(u, A, p)U” (\)dA = F(u, p).

Since we shall prove an L* bound for our approximate solutions, we may
suppose that the u above varies in a bounded set B C R. Thus, we may apply
the same reasoning with any function which is not linear at infinity, by changing
it into a linear function outside B. This shows that we can obtain the inequality
(1.33) for any convex entropy pair (U, F) by first proving it in the special case
of Kruzkov’s entropies, multiplying by U""(1)/2, and integrating. In that case,
the numerical flux will be given by

1 _
QK,eo(ur U) = E f QK,EO(M, 0, A)U”()\)d/\
R

Again, this numerical flux satisfies the first two assumptions of the lemma,
since they are inherited from the corresponding properties for the Kruzkov
numerical flux aK,eO(ul v, ).

Therefore, we now proceed to prove the inequality (1.33) for Kruzkov’s
family of entropies. This is done in two steps. First, we will show that

Foooony 1K= o =
Hicea Ut A) = 71 (Quan(utc ey ) = Quo g 1, V) (136)
= H(ug VA ug VA= H(ug A ug A D).
Second, we will see that for any u,v, A € R, we have
H@uV AoV A)=HwAAoAN) 2 ., (0 (Hw,0)), A). (1.37)

For ease of notation, we omit K, ¢’ from the expression of H. The identity
(1.36) and the inequality (1.37) (with u = uy,v = ”1_<0) combined give (1.33), for
Kruzkov’s entropies.
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To prove (1.36), simply observe that

e (1, A) = sgnlutye = A gt . (13) = i, (V)
= sgn(u () — uED))(pkGug) — u(L))
= (e v ) — pGeR) A k(D)
= (ki v 1) - g A N).

Here, we have repeatedly used that u} is a monotone increasing function. The
identity (1.36) now follows from the expressions of the Kruzkov numerical

entropy flux, Qg ., and of H.
Consider now the inequality (1.37). We have

HuvA,oVvA)—HuAADAA)
> (H(u,v) v H(A, A)) = (H(,0) A H(A, A)).

Thisis a consequence of the fact thatif ¢ is an increasing function, then p(uVA) =
eV A)VeuvA)=eu)V e(A),and (1.34). Thus, we have

HuvA,ovA)—HuAADvAA)

> |H(u,v) — H(A, A)| = [H(u, v) — pg(A)|

= sgn (H(u, v) - uf())(H(w, 0) - (1))

= sgn (D) (H(w, 0)) = ) ({00 (H(w, 0))) - uz(1))

=t (107 (HO1,0), 1),
This establishes (1.37). We now choose u = uy,v = UK, in (1.37), observe that
Hy oo (ug, u;ﬂo) = Flzz,eﬂ' and combine this with (1.36) to obtain inequality (1.33) for

Kruzkov entropies. As described above, (1.33) will hold for all convex entropy
pairs (U, F). This completes the proof of Lemma 1.7. O

1.5.2 Entropy dissipation estimate and L™ estimate

We now discuss the time evolution of the triangulation. As we have said, the
initial hypersurface }, is composed of inflow elements e;. We then define the
hypersurfaces I, for n > 0, by

— +
H, = U ex,
ERCJ{n—l

and set
K= {K e C Homr, €5 CI).
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It is important to note that the hypersurfaces I, are not necessarily asso-
ciated with a foliation {J{;} of the manifold; they are only restricted by our
admissibility assumptions in Definition 1.4.

Next, we introduce the following notation, which we will use from now on.
For K € X", we write

n._ - _ f no._ - g+l
g = M= My Uk = Uy Py = [

n+l(un+1)

so that, for instance, ug(uy) = Accordingly, we define

Vi) = Vie (), R =R, (1.38)

where the timelike entropy flux Vg, and the error term R} , are defined in

K 0
Lemma 1.7.

Lemma 1.8. The finite volume approximations satisfy the L> bound

< Cabr 1.
max [ug (maquK|+C1 u)e (1.39)

for some constants C,C, > 0, where

K
Z Tj = Z max ] (1.40)

j=0

Proof. First of all, observe that from the consistency condition (1.14), the defi-
nition of n“i,e in (1.8) and the divergence theorem, we have for any u € IR,

fK” divgf(u,P)dVK=fa gp(f(u,p),ﬁ(p))dVaK
= Il () = legluen) + Y 1efl g o (i, )

eVedVK

(recall that @i is the interior unit normal if it is timelike, and the exterior unit
normal if it is spacelike). Moreover, with our notation the finite volume scheme
(1.9) reads as

) = legluke) = Y 1t ).

e0edK

lexlpk
Combining these two identities gives

n+1 (un+1 _ n+1 (uK) _ L+ dng f(uﬁr P)dVK
ol Jxon

Ie - (1.41)

_ Z | qK” 0 (L[K, MK 0) qKn,eO (MK, uK))

el e&OK
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Next, we rewrite the right-hand side as follows:

et gty = (1 - Z gn o) U (U) + Z Qen o0 LU 1(uKO)

00 00
1e €dOKn eVedVKn (1‘42)
- ﬁ p dng f(u1”<, p)dVK,
K n
where — -
|gO| gk eo(uK/ MKO — gk eo(uK/ u[()
OZKn,eo = —

e;zl n+1(uK) n+1(uK0)

This gives a convex combination of p* (u}) and y"+1(u1”<0). Indeed, on one

hand we have } .0k @k 0 > 0, due to the monotonicity condition (1.16) and
Lemma 1.3. On the other hand, the CFL condition (1.19) gives us

E aKn,e(J <

n+1
e%edK (uK)

< Llp(yn+l) / Llp(‘un+l) =1.

M—M

n+1 1)—1

G \< ip(uk

Thus, we find

Wt @l > min (y”*l(uK) mm y””(uﬁgo)) 5 f div, f(u,p)dVk,

we Wiy < max (y”+1(uK)  max y”“(uﬁo)) |1+| divy f(u, p)dVi.
0eg0K ¢ K"

n+1y-1

Composing with the monotone increasing function (u}"™)™, we find

Ll n+1\-1
)+L f |divg £, ) Vi,

n+1
u > min (u min u”
K K7 jocqog Ko

Llp(u"“ -1
n+1 : n
uy"™ < max (uK, max uKO) + ] j;n |div, f(ug, p)ldVk,
which in turn gives
p(‘un+1

-1
f \divg (i, p)ldV.

[ < max |u}| + max
KreXxn KreXxn
By induction we obtain

p(y]+l) 1 ‘
| Vl+1| < maX |1/lK| + Z T ‘f;]- |dng f(u%,p)| dVK
Ki

Ki eiKJ



46 CHAPITRE 1. APPROCHE BASEE SUR UNE METRIQUE

Now we use the growth condition (1.5) on the last term,

n L J+1y-1
Zmafo |d1vgf(uK,p)|dVK
KieXJ

j=0
< Z
Ki eiKl
n

< (Cltn + G, Z el mjax |u§<|).

=0

]+1) I '
—— K |KI|(Cy + Colu])

K]

Here, the constants C;, may change at each occurrence, and we also used the
fact that

maxLlp(y]H) '<C

which is an easy consequence of our assumptions on the flux f. The result now
follows from a discrete version of the Gronwall inequality (see [2, Lemma 6.1]).
This completes the proof of Lemma 1.8. o

Recall that if V' is a convex function, then its modulus of convexity on a set S
is defined by f := inf{V”(w) TWE S}.

Proposition 1.9. Let V7 be defined by (1.28), (1.38), and let B} be the modulus of
convexity of V. Then, one has

Z |eK|Vn+1(‘un+1 (un+1))

KreXn
‘Bn+1 |€0||61-2| —n+l n+1(un+1)|2
2 |(9OK”| [“lK,eO K
Besikn
e’ed’K (143)
< Y leIViuiw)
KreXn
: n |€O”e;| n+1
+ Z divg F(uy, p)dVy + Z |80K"|RK/€0
Krexn VK KreX

PedK"

llef
K and

Proof. Consider the discrete entropy inequality (1.30). Multiplying by
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summing in K" € X", ¢ € 0°K" gives

lellex] vt 1 .
Z |801<I;| Vi Fa) - Z eIV (e )

KreX" Krexn
Ved?K"
0
Y1 Quen e (1) = Qoo (1, 102) (148
Kﬂejcl’l .
eVedVKn
0|+
< Z le ”eKlR””
- |a0Kn| Keb*
Ktex™"
VedK"
Next, observe that the conservation property (1.15) gives
0
Y 1 Qu o, 1) = 0. (145)
K'eK™
VedK”

Now, if V is a convex function, and if v = ) Q0 is a convex combination of v;,
then an elementary result on convex functions gives

V(v) + g Z]: ajloj —of < ZJ‘ a;V(v)).

Now, apply this result with the convex combination (1.27) and with the convex
function Vi*, multiply by lef|, and sum up in K" € X". Then, combining the
resulting inequality with (1.44), (1.45), we obtain

Y eV e = Y eIV (i @)

Krexn KrneXn

+1 1,0(1,+

1n< |€ ”eKl —n+l n+1(un+1)|2

2 |80Kn| HK,EO HK K
oy (1.46)
VeV K"

le°llex|
0 K 1
- Z l€"1Qcn o0 (1t 1) < Z |O’;0Kn|RIn<jreO'

KieX" Ktex"
EO 6(90 K" 60 Gao K"

Finally, using the identity

f divy F(u,p)dVy = fa 8(F(u, p), (p)) dVax
Kn Kn
= legl Vi (U™ () — el Vi(ui(u) + Z 1e°1Qin o (11, 11)

eVedVKn

(1.47)

(with u = uy) yields the desired result. This completes the proof of Proposition
1.9. O
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Corollary 1.10. Suppose that for each K € T", e = e%, the function Vi, is strictly
convex, and that, moreover, one has

BL>B >0, (1.48)

uniformly in K and n. Then one has the following global estimate for the entropy

dissipation,
Yy Lk
|0°K™|

n=0 K"'eX"
EOGQOK”

where ty is defined in (1.40).

— il 2
Higw — i @[ = 0(tw), (1.49)

Proof. Summing the inequality (1.43) forn =0, ..., N, we observe that the first
terms on each side of the inequality cancel, leaving only the terms with n = 0
and n = N. Moreover, using the growth condition (1.5) on the divergence term
gives

N +1 1,0
Z Z ” |€ ”eKl —n+l n+1 n+1)|
0x'n K,EO
n=0 K'eX" 2 |(9 K |
Ped'K”
- 0¢,,07,,0 N+1,/, N+1/, N+1
< Y ellVRERED + Y eIV R @) (50
K0ex? KN+1gJCN+1
Kn C C |€0||€I_2|Rn+1
+Z Z K"I(Cr + Colu +Z Z EUR
n=0 K"*eX" n=0 K"'eX"

VedK"

The last term is estimated using (1.26), (1.31), and the growth condition (1.5),
yielding

N 0” N
Z Z |0°K| Q:%SZ Z Lip V?lf |divy f(uy, p)ldVi
n=0 K”Sgg' n=0 KneXn K
PedK"
N
sZ Y IK(Cy + Calul).

n=0 Krex"

Here, we have used that Lip V}*' is uniformly bounded, which is an easy
consequence of the corresponding bounds for the flux f. The result now follows
from (1.48) and the L™ estimate in Lemma 1.8, which allows us to uniformly
bound all of the terms on the right-hand side of (1.50). Note however that
this bound depends, of course, on the entropy U. This completes the proof of
Corollary 1.10. m|
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1.5.3 Global entropy inequality in space and time

In this paragraph, we deduce a global entropy inequality from the local entropy
inequality (1.30). This is nothing but a discrete version of the entropy inequality
used to define a weak entropy solution. Given a test-function ¢ defined on M
we introduce its averages

o= f v,

||
Phox =

n = (p)dV.
eVedVKn |a0K”|¢ ! \ﬁ‘OK” (P P

We are now ready to prove the global discrete entropy inequality, which is a
discrete version of the entropy inequality in Definition 1.1.

Proposition 1.11. Let (U, F) be a convex entropy pair, and let ¢ be a non-negative test-
function. Then, the function u" given by (1.12) satisfies the global entropy inequality

WY fK divg (Fuzg, p)o(p)) dVic = ) f 00 8 (Fu, p), e )V

n=0 Kneir Kex0 v ¢k
. le°| 1 1 1,—n+1
+ | LN n+1/~n+ n+1,—n
+Z Z |80Kn||eK|¢eo(VK (luK,eO)_VK (tuK,eO))
n=0 KteX"
VedK"

- |eO| n n n —
<) Y il GV (D)

n=0 K"'eX"

Ped'K"
Y Y, [0 oonrapave
"0 5253% ‘

+

n=0 Krexn v €k

-y Y f (Pox — 0P &(FGLE™, p) = F(utl, p), B (p) Vs
(1.51)

Proof. From the local entropy inequalities (1.30), we obtain

[ A .
Y el Vi E — Vi (i )
KteX"
edOK"
Y1 Quo o a1 ) = Qo (1, 1) 152)

KteX"
EOEQOK”

011 ,+
e’le
.Y Nl o ot
i |30Kn| eV Ke
VedVK"
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Now, from the conservation property (1.15) we have that

0
E le”1p Qim0 (U, e ) = 0
KeX" ‘
PedK"

Also, from the consistency property (1.14), we find that

Z gbeOle |QK" e uK’ uK Z f eo(uK/ P) dVeO

Kex" K'exm
e0edOKn e0edOKm
f S(P)FEo(ull, p)dVio + f (@ — SP)Ealiil, p) AV
Ktex" Ktex"
VedOKn ek

Next, we have that

I
L. ROV B

Krex"
eVedK"
| O” Kl 1,—n+1 |€0||elt| +1=—n+1
- Z |80Kn|qbaﬂl< 43 Keo) Z |90Kn|(qbgo - (PSUK)VI@ (nuK,eo)
KteX" K"eXx"
eVedV K" VegOKn
le°lle;

L+l 1 1,—n+1
> Y, ROV G G+ Y, ek 6 - VT,
KHG:]CYI Knejcl’l |

eVedK"

Here, we have used that V(v) < Z a;V(v;), for all convex functions V and

convex combinations v = }; a;vj, spec1f1cally used for the convex function Vi
and the convex combmatlon (1.27). Also,

lellexl il o
Y, TRV (e wh) = X lelon Vi (e @)
Krex"

KeXn

VeV Kn
Therefore, the inequality (1.52) becomes
Z (PaoKleKl Vn+1<yn+1 (un+1)) Vn+1(‘un+1 (uz)))

Kn eg(‘ll

- Z f(j)(p o (U, p)dVe

K”e?(f”
00K
el o elegl L (1.53)
< Z |(90K”|¢eo KJ;()_ Z |80Kn|(¢50_¢90K)VK+ KeO)
K'eX" KeX"
VeV K" VedVK"
h, ph ., ~h
Y f(qbeo O(P))Fu (U, p)dVe =: A" + B" + C"".
K'eX"

PedK"



1.6. PROOF OF CONVERGENCE 51

The first term in (1.53) can be written as

Z (P30K|el<| Vn+1(#n+1(un+1)) _ V?-l( n+1(uK)))

KH E:]CYI

f b(p) (Fue™, p) = F(u, p), figey (p)) AV

KreXxn

Z ((PgoK P)) g(F(unH’ P) - F(MZ, p)r ﬁK,e;g (P)) dVeIg-

Knexn €

Combining this result with the identity

fdivg(F(”fP)¢(P))dVK:f d(p) §(F(u, p), Rax)dV ok
K JK
- f () §(EG, p), Bie) AV + f 6() §(E, p), e ) V.

Y OWIFa(u,p)dVa

V0K V¢

(with u = up) and in view of (1.53) we see that

_ Z j;n div, (P(uﬁ,p)qf)(p)) dVy
Krexn

<A"+ B+ C"

- Y ([ sors(Far o) avi + [ o) s dv;)

Knexn ex

_ Z f (Poox — q)(p)g F(u”+1 — F(ut, )nK,e;((p)) dVer.

KreXn

The inequality (1.51) is now obtained by summation in 7. First, the (summed)
terms A, B, C give the three terms on the right-hand side of (1.51) while, in the
tirst sum above, terms cancel out two at a times it only remains the second term
of the left-hand side of (1.51). This completes the proof of Proposition 2.13. O

1.6 Proof of convergence

This section contains a proof of the convergence of the finite volume method,
and is based on the framework of measure-valued solutions to conservation
laws, introduced by DiPerna [18] and extended to manifolds by Ben-Artzi
and LeFloch [6]. The basic strategy will be to rely on the discrete entropy
inequality (1.51) as well as on the entropy dissipation estimate (1.49), in order
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to check that any Young measure associated with the approximate solution
is a measure-valued solution to the Cauchy problem under consideration. In
turn, by the uniqueness result for measure-valued solutions it follows that, in
fact, this solution is the unique weak entropy solution of the problem under
consideration.

In the following, for the sake of simplicity, we denote by M our domain of
discretization, which is not necessarily the whole manifold. Since the sequence
u" is uniformly bounded in L*(M), we can associate a subsequence and a
Young measure v : M — Prob(IR), which is a family of probability measures in
R parametrized by p € M. The Young measure allows us to determine all weak-
*+ limits of composite functions a(u"), for arbitrary real continuous functions a,
according to the following property :

a"y = (v,a) ash—0 (1.54)

where we use the notation (v,a) := fIR a(A)dv(A).

In view of the above property, the passage to the limit in the left-hand side
of (1.51) is (almost) immediate. The uniqueness theorem [18, 6] tells us that
once we know that v is a measure-valued solution to the conservation law, we
can prove that the support of each probability measure v, actually reduces to a
single value u(p), if the same is true on Hy, that is, v, is the Dirac measure 6,,).
It is then standard to deduce that the convergence in (1.54) is actually strong,
and that, in particular, u" converges strongly to u which in turn is the unique
entropy solution of the Cauchy problem under consideration.

Lemma 1.12. Let v, be the Young measure associated with the sequence u". Then, for
every convex entropy pair (U, F) and every non-negative test-function ¢ defined on M
with compact support, we have

~ [ v, F (o) + gl FCp, V) Vg

= [ 601 s{wn ECpDma)aVe + [ o) WO div S p) vy <o
7 M
(1.55)

The following lemma is easily deduced from the corresponding result in
the Euclidean space, by relying on a system of local coordinates. This result
will be useful when analyzing the approximation.

Lemma 1.13. Let G : M — IR be a smooth function, and let e be a submanifold of M.
Then, there exists a point p, (not necessarily in e), the center of mass of e, such that

f GV, - G(p)| < diam(©Gllcre.
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We are now in position to complete the proof of the main theorem of this
paper.
Proof of Theorem 1.5. Due to (1.55), we have for all convex entropy pairs (U, F),

divg(v, F(-)) — (v, (divy F)(-)) + (v, U'(-)(div, f)(-)) <0

in the sense of distributions in M. Since on the initial hypersurface H, the
(trace of the) Young measure v coincides with the Dirac mass 6,, (because u
is a bounded function), from the theory in [6] there exists a unique function
u € L*(M) such that the measure v remains the Dirac mass 0, for all Cauchy
hypersurfaces H;, 0 < t < T. Moreover, this implies that the approximations 1"
converge strongly to u at least on compact sets. This concludes the proof. O

Proof of Lemma 1.12. The proof consists of passing inequality (1.51) to the limit
and using property (1.54) of the Young measure. First, note that the first term
on the left-hand side of inequality (1.51) converges immediately to the first
integral term of (1.55). Next, take the second term of (1.51). Using the fact that
% — ¢(p) = O(T + h), we see that this term converges to the second integral
term in (1.55).

Next, we will prove that the third term on the left-hand side of (1.51)
converges to the last term in (1.55). Observe first that

fih = o = | | dive fluk, p) Vi

Therefore, we obtain

Z y | aOKn ekl (Vi (th) — Vi ()
"= eKESggn

[s¢]

e +1/ o+ . n +
=Y Y Aebonav e [ dive fgp avics egtow)
Kﬂ

n=0 K'eX"
Ved'K"

[S¢]

=Y Y debon(@ave g - wa) [ dive fgpavi

n=0 K'eX"
Ved'K"

+ lep|O(T?) + U’(u“*l)f div, f(ug, p) dVK).
KVI

Now, note that from the expression of V (see (1.32)),
0 Vn+1(#n+1) U/(un+1) — u/((‘un+l 1([Jn+1)) u/(un+l

K,e0 K,e0

< sup U max Lip(ug)” i

n+l _ n+1
KEO 7
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and so, using the L* bound (1.39) and the growth condition (1.5), we find

. e ~1N 7 n . n
Y ) | a|01<|n|¢e°( V) - U (u +1))f div, f(ul, p)dVi
— n n KYI

"0 Kesglin

W

n=0 K'eX"
eVedV K"

~n+1 1
|80K” LIRS — ]

Applying the Cauchy-Schwarz inequality and the entropy dissipation estimate
(1.49), we find that this term tends to zero with h. Note that property (1.48) is
easily seen to be verified due to the smoothness of the functions V. We are left
with the term

Y Y i [ dive ft,pavi,
n=0 KreXx» Kr
which is easily seen to be of the form

(o]

YO ey fK 9(p)divy (i, p)dVic+ O(h) — fM (v, W' () divg £, p)) dViy.

n=0 KreX"

It remains to check that the terms on the right-hand side of (1.51) tend to
zero with h. Namely, the first term on the right-hand side can be written as

[oe]

0
Y, Y @ - SV D
=5
Y |eO| n n n 1—ﬂ+1 n+ly, n+lg, n+l
=Y Y el @~ RV Eh - Vi )

=o(1),

by the Cauchy-Schwarz inequality and the entropy dissipation estimate (1.49).
Next, the second term on the right-hand side of (1.51) satisfies

> ¥ [ @ - soprati,pav.

n=0 K'eX"
edK"

‘Z Y. f (2 = S(p))(Folut, p) = f Fa(i}, )dq) dVa

n=0 K'eX"
PedK"

which, in view of the regularity of ¢ and F, isbounded by }.,”; ¥ xneqer [0°K|O(Tgn+
h)?. Using the CFL condition (1.19) and property (1.18), we can further bound
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this term by

(o]

Y. 2 leklo(e) (0(tks + ) + 002 i) = 0(D),

n=0 K"eX"

and so only the term

N
Ao ==Y Y, [ @ oD s(FG p) - F ) s () Vg
n=0 KreXxn v ¢

remains to be controlled. Here, we will use that our triangulation is admissible,
in the sense of Definition 1.4. First of all, by integrating by parts we rewrite it
as

A0 =Y, Y, [ @5 - o) st pn () v,
n=1 Krexn v ¢

+ f (O — (P) §(EGLL ), e () Vs

plus a boundary term for n = 0 which easily tends to zero with 4. Next, using
Lemma 1.13 and equation (1.6), one may replace ¢%, by ¢(py.) and ¢, by
d(py,.), where p>. denotes the center of d°K/, with an error term of the form
Chliollc=lFll=. Next, we replace (and similarly for e;) ¢(p) g(F(uy, p), nke: (p))
with ¢(py) g(F(uy, py), nke: (Py))- Using property (1.6), the corresponding error
term is seen to be of the form Ch||¢}||c2||Fllcz. The generic constants C do not
depend on & nor ¢.
We have

(o]

Y. Y lel@ph) = Ppi)) &G, pio) nies (pie)

n=1 K"reX"

A" ()| <

+1eRl( by ) = d(pi) g(Flu, pi ) ke ()
+ hliglca(IFlls + 1Fllc ).
Now, performing a Taylor expansion of ¢ and using the definition of wy (recall

that w is the future-oriented vector at p; tangent to the geodesic connecting
py and p}) we find, for instance,

d(py) — P(pR) = §(Wi, Vo(py)) + O(?).

Therefore, by the definition of £(K) and using (1.20), we may express this
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conclusion by using the local deviation of the triangulation,

[e¢]

Y ) ledl gwie, Vopi) g(F (i, pi), iy (i)

n=1 KteX»

A" )| <

+ lexl §(Wi-, Vo (pg-)) (F(uy, px-) kn e (Pi-))
+ Chll®llc2([FllL= + |Fllc2)
< Y (IKIEK) = IKTIEK))(Vep, F@i")) + Chllgllca(IFl + I1Fllc2)

KneJh

<n(Wli@llcillFlles + Chllglic2(IFl + lIFllc2),

which tends to zero since 7(h) — 0. This completes the proof of Lemma1.12. O



Chapitre 2

Approche basée sur des champs de
formes différentielles”

Approach based on differential forms

2.1 Introduction

The development of the mathematical theory (existence, uniqueness, quali-
tative behavior, approximation) of shock wave solutions to scalar conserva-
tion laws defined on manifolds is motivated by similar questions arising in
compressible fluid dynamics. For instance, the shallow water equations of
geophysical fluid dynamics (for which the background manifold is the Earth
or, more generally, Riemannian manifold) and the Einstein-Euler equations in
general relativity (for which the manifold metric is also part of the unknowns)
provide important examples where the partial differential equations of interest
are naturally posed on a (curved) manifold. Scalar conservation laws yield
a drastically simplified, yet very challenging, mathematical model for under-
standing nonlinear aspects of shock wave propagation on manifolds.

In the present paper, given a (smooth) differential (1 + 1)-manifold M which
we refer to as a spacetime, we consider the following class of nonlinear conser-
vation laws

d(w(u)) =0, u=u(x), x € M. (2.1)

Here, for each u € R, w = w(u) is a (smooth) field of n-forms on M which we
refer to as the flux field of the conservation law (2.1).

Two special cases of (2.1) were recently studied in the literature. When
M = R, X N and the n-manifold N is endowed with a Riemannian metric h, the
conservation law (2.1) is here equivalent to

o + divy,(b(u)) =0, u=u(ty), t>0,yeN.

“En collaboration avec P. G. LeFloch [34].
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Here, div;, denotes the divergence operator associated with the metric /. In this
case, the flux field is a flux vector tield b = b(u) on the n-manifold N and does
not depend on the time variable. More generally, we may suppose that M is
endowed with a Lorentzian metric g and, then, (2.1) takes the equivalent form

dive(a(u)) =0, u=u(x), x e M.

Observe that the flux a = a(u) is now a vector field on the (n + 1)-manifold M.
Recall that, in the Riemannian or Lorentzian settings, the theory of weak
solutions on manifolds was initiated by Ben-Artzi and LeFloch [6] and further
developed in the follow-up papers by LeFloch and his collaborators [2, 3, 32, 33,
34]. Hyperbolic equations on manifolds were also studied by Panov in [40] with
a vector field standpoint. The actual implementation of a finite volume scheme
on the sphere was recently realized by Ben-Artzi, Falcovitz, and LeFloch [7].
In the present paper, we propose a new approach in which the conservation
law is written in the form (2.1), that is, the flux @ = w(u) is defined as a field of
differential forms of degreen. Hence, no geometric structureis a priori assumed
on M, and the sole knowledge of the flux field structure is required. The fact
that the equation (2.1) is a “conservation law” for the unknown quantity u can
be understood by expressing Stokes theorem: for sufficiently smooth solutions
u, at least, the conservation law (2.1) is equivalent to saying that the total flux

f ww)=0, UCM, (2.2)
u

vanishes for every open subset U with smooth boundary. By relying on the con-
servation law (2.1) rather than the equivalent expressions in the special cases
of Riemannian or Lorentzian manifolds, we are able to develop here a theory
of entropy solutions to conservation laws posed on manifolds, which is tech-
nically and conceptually simpler but also provides a significant generalization
of earlier works.

Recall that weak solutions to conservation laws contain shock waves and,
for the sake of uniqueness, the class of such solutions must be restricted by an
entropy condition (Lax [30]). This theory of conservation laws on manifolds is
a generalization of fundamental works by Kruzkov [27], Kuznetsov [28], and
DiPerna [18] who treated equations posed on the (flat) Euclidian space R".

Our main result in the present paper is a generalization of the formulation
and convergence of the finite volume method for general conservation law (2.1).
In turn, we will establish the existence of a semi-group of entropy solutions
which is contracting in a suitable distance.

The first difficulty is formulating the initial and boundary problem for (2.1)
in the sense of distributions. A weak formulation of the boundary condition
is proposed which takes into account the nonlinearity and hyperbolicity of
the equation under consideration. We emphasize that our weak formulation
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applies to an arbitrary differential manifold. However, to proceed with the
development of the well-posedness theory we then need to impose that the
manifold satisfies a global hyperbolicity condition, which provides a global
time-orientation and allow us to distinguish between “future” and “past” di-
rections in the time-evolution. This assumption is standard in Lorentzian
geometry for applications to general relativity. For simplicity in this paper, we
then restrict attention to the case that the manifold is foliated by compact slices.

Second, we introduce a new version of the finite volume method (based
on monotone numerical flux terms). The proposed scheme provides a natural
discretization of the conservation law (2.1), which solely uses the n-volume
form structure associated with the prescribed flux field w.

Third, we derive several stability estimates satisfied by the proposed scheme,
especially discrete versions of the entropy inequalities. As a corollary, we ob-
tain a uniform control of the entropy dissipation measure associated with the
scheme, which, however, is not sufficient by itself to the compactness of the
sequence of approximate solutions.

The above stability estimates are sufficient to show that the sequence of
approximate solutions generated by the finite volume scheme converges to an
entropy measure-valued solution in the sense of DiPerna. To conclude our
proof, we rely on a generalization of DiPerna’s uniqueness theorem [18] and
conclude with the existence of entropy solutions to the corresponding initial
value problem.

In the course of this analysis, we also establish a contraction property for
any two entropy solutions u, v, that is, given two hypersurfaces H, H" such that
H’ lies in the future of H,

fQ(qu,vH»)SfQ(uH,vH). (2.3)
H’ H

Here, for all reals u, v, the n-form field Q(u, v) is determined from the given flux
tield w(u) and can be seen as a generalization (to the spacetime setting) of the
notion of Kruzkov entropy [u — 7|.

Recall that DiPerna’s measure-valued solutions were used to establish the
convergence of schemes by Szepessy [43, 44], Coquel and LeFloch [9, 10, 11],
and Cockburn, Coquel, and LeFloch [12, 13]. For many related results and a
review about the convergence techniques for hyperbolic problems, we refer to
Tadmor [46] and Tadmor, Rascle, and Bagneiri [47]. Further hyperbolic models
including also a coupling with elliptic equations and many applications were
successfully investigated in the works by Kroner [25], and Eymard, Gallouet,
and Herbin [20]. For higher-order schemes, see the paper by Kroner, Noelle,
and Rokyta [26]. Also, an alternative approach to the convergence of finite
volume schemes was later proposed by Westdickenberg and Noelle [50]. Fi-
nally, note that Kuznetsov’s error estimate [12, 15] were recently extended to
conservation laws on manifolds by LeFloch, Neves, and Okutmustur [33].
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An outline of the paper is as follows. In Section 2.2, we introduce our
definition of entropy solution which includes both initial-boundary data and
entropy inequalities. The finite volume method is presented in Section 2.3,
and discrete stability properties are then established in Section 2.4. The main
statements are given at the beginning of Section 2.5, together with the final step
of the convergence proof.

2.2 Conservation laws posed on a spacetime

2.2.1 A notion of weak solution

In this section we assume that M is an oriented, compact, differentiable (1 + 1)-
manifold with boundary. Given an (n + 1)-form «, its modulus is defined as
the (n + 1)-form

la| ;= [a]dx® A -+ A dx”,

where a = adx' A - A dx" is written in an oriented frame determined from
local coordinates x = (x*) = (x%,...,x"). If H is a hypersurface, we denote by
i = iy : H — M the canonical injection map, and by i* = i}, is the pull-back
operator acting on differential forms defined on M.

On this manifold, we introduce a class of nonlinear hyperbolic equations,
as follows.

Definition 2.1. 1. A flux field w on the (n + 1)-manifold M is a parametrized family
w(u) € N"(M) of smooth fields of differential forms of degree n, that depends smoothly
upon the real parameter 1.
2. The conservation law associated with a flux field w and with unknown
u:M-—1Ris
d(w(w) =0, (2.4)

where d denotes the exterior derivative operator and, therefore, d(a)(u)) is a field of
differential forms of degree (n + 1) on M.
3. A flux field w is said to grow at most linearly if for every 1-form p on M

supf |p A 8ua)(ﬂ)| < oo. (2.5)
ueR vM

With the above notation, by introducing local coordinates x = (x*) we can
write for all u € R

w(T) = @ (i) (@),
(@x)g = d° A AT AT A LA dX

Here, the coefficients w* = w®(u) are smooth functions defined in the chosen
local chart. Recall that the operator d acts on differential forms with arbitrary
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degree and that, given a p-form p and a p’-form p’, one has d(dp) = 0 and
d(p A p') =dp Ap"+ (=1)p Adp’.

As it stands, the equation (2.4) makes sense for unknown functions that are,
for instance, Lipschitz continuous. However, it is well-known that solutions to
nonlinear hyperbolic equations need not be continuous and, consequently, we
need to recast (2.4) in a weak form.

Given a smooth solution u of (2.4) we can apply Stokes theorem on any
open subset U that is compactly included in M and has smooth boundary JU.

0= d w(U)) = N uj). 2.6

Similarly, given any smooth function ¢ : M — R we can write

A w(u)) = dy A o(u) + ¢ d(w(w)),

where the differential dy is a 1-form field. Provided u satisfies (2.4), we find

[ dwaw)= [ dynow

and, by Stokes theorem,

f d A w(u) = f (Y (u)). (2.7)
M oM

Note that a suitable orientation of the boundary dM is required for this formula
to hold. This identity is satisfied by every smooth solution to (2.4) and this
motivates us to reformulate (2.4) in the following weak form.

Definition 2.2 (Weak solutions on a spacetime). Given a flux field with at most
linear growth w, a function u € LY(M) is called a weak solution to the conservation
law (2.4) posed on the spacetime M if

fdl,b/\a)(u)zO
M

for every function ¥ : M — R compactly supported in the interior M.

The above definition makes sense since the function u is integrable and w(u)
has at most linear growth in u, so that the (n + 1)-form di) A w(u) is integrable
on the compact manifold M.

2.2.2 Entropy inequalities

As is standard for nonlinear hyperbolic problems, weak solution must be fur-
ther constrained by imposing initial, boundary, as well as entropy conditions.
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Definition 2.3. A (smooth) field of n-forms Q) = ((u) is called a (convex) entropy
flux field for the conservation law (2.4) if there exists a (convex) function U : R — R
such that

Q) = f d,U(v) d,w(v) dv, uelR
0
It is said to be also admissible if, moreover, sup |d, U] < oco.

For instance, if one chooses the function U(u, v) := |[u — |, where v is a real
parameter, the entropy flux field reads

Q(u,v) := sgn(u — v) (w(u) — w(v)), (2.8)

which is a generalization to a spacetime of the so-called Kruzkov’s entropy-
entropy flux pair.

Based on the notion of entropy flux above, we can derive entropy inequali-
ties in the following way. Given any smooth solution u to (2.4), by multiplying
(2.4) by d,U(u) we obtain the additional conservation law

d(Q(u)) — Q) () + 3, U(u)(dw)(u) = 0.

However, for discontinuous solutions this identity can not be satisfied as an
equality and, instead, we should impose that the entropy inequalities

d(Q(w)) - (dQ) () + 3, U(u)(dw)(u) < 0 (2.9)

hold in the sense of distributions for all admissible entropy pair (U, Q2). These
inequalities can be justified, for instance, via the vanishing viscosity method,
that is by searching for weak solutions that are realizable as limits of smooth
solutions to the parabolic regularization of (2.4).

It remains to prescribe initial and boundary conditions. We emphasize that,
without further assumption on the flux field (to be imposed shortly below),
points along the boundary dM can not be distinguished and it is natural to
prescribe the trace of the solution along the whole of the boundary JM. This
is possible provided the boundary data, ug : JM — R, is assumed by the
solution in a suitably weak sense. Following Dubois and LeFloch [19], we use
the notation

ul,,, € Eualus) (2.10)
for all convex entropy pair (U, (2), where for all reals u
Eun(@) = {7 € R | E@,7) := Q) + 3,U)(0 (D) - (@) < Q@)}.

Recall that the boundary conditions for hyperbolic conservation laws (posed
on the Euclidian space) were first studied by Bardos, Leroux, and Nedelec
[5] in the class of solutions with bounded variation and, then, in the class
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of measured-valued solutions by Szepessy [45]. Later, a different approach
was introduced by Cockburn, Coquel, and LeFloch [15] (see, in particular, the
discussion p. 701 therein) in the course of their analysis of the finite volume
methods, which was later expanded in Kondo and LeFloch [24]. An alternative
and also powerful approach to the boundary conditions for conservation laws
was independently introduced by Otto [39] and developed by followers. In
the present paper, our proposed formulation of the initial and boundary value
problem is a generalization of the works [15] and [24].

Definition 2.4 (Entropy solutions on a spacetime with boundary). Let w = w(u)
be a flux field with at most linear growth and ug € L' (dM) be a prescribed boundary
function. A function u € LY(M) is called an entropy solution to the boundary value
problem (2.4) and (2.10) if there exists a bounded and measurable field of n-forms
y € L'A"(dM) such that

fM (dy A Q@) + 1 ([dQ)(w) — 1 3, U(w)(dw)(w))
o [ ol = 2ty o) 0

for every admissible convex entropy pair (U, Q) and every smooth function ¢ : M —
]R+-

Observe that the above definition makes sense since each of the terms
dy A Qu), (dQ)(u), (dw)(u) belong to L'(M). The above definition can be
generalized to encompass solutions within the much larger class of measure-
valued mappings. Following DiPerna [18], we consider solutions that are no
longer functions but Young measures, i.e, weakly measurable maps v : M —
Prob(R) taking values within is the set of probability measures Prob(IR). For
simplicity, we assume that the support supp v is a compact subset of R.

Definition 2.5. Given a flux field o = w(u) with at most linear growth and given
a boundary function ug € L*(dM), one says that a compactly supported Young
measure v : M — Prob(R) is an entropy measure-valued solution to the boundary

value problem (2.4),(2.10) if there exists a bounded and measurable field of n-forms
y € L A"(dM) such that the inequalities

fM (v dp A Q)+ (A(Q0) - 2UOdw)()))
+ | o (v (Q0m) + AU Gw)y = i wo(uw))) >0

hold for all convex entropy pair (U, Q) and all smooth functions ¢ > 0.
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2.2.3 Global hyperbolicity and geometric compatibility

In general relativity, it is a standard assumption that the spacetime should be
globally hyperbolic. This notion must be adapted to the present setting, since
we do not have a Lorentzian structure, but solely the n-volume form structure
associated with the flux field w.

We assume here that the manifold M is foliated by hypersurfaces, say

M= U H, (2.11)

where each slice has the topology of a (smooth) n-manifold N with bound-
ary. Topologically we have M = [0, T] X N, and the boundary of M can be
decomposed as

&M = g‘fo U HT UB ,

B=(0,T)xN := U oH,. (2.12)
0<t<T
The following definition imposes a non-degeneracy condition on the aver-
aged flux on the hypersurfaces of the foliation.

Definition 2.6. Consider a manifold M with a foliation (2.11)-(2.12) and let v = w(u)
be a flux field. Then, the conservation law (2.4) on the manifold M is said to satisfy the
global hyperbolicity condition if there exist constants 0 < ¢ < c such that for every
non-empty hypersurface e C H,, the integral fe i*d,w(0) is positive and the function
¢.:R—> R,

(e frem
@ (u) == fz w(u) = W, uelk
satisfies
¢ < dup.(u) <, ueR (2.13)

The function ¢, represents the averaged flux along the hypersurface e. From
now we assume that the conditions in Definition 2.6 are satisfied. It is natural
to refer to H, as an initial hypersurface and to prescribe an “initial data”
ug : Hy — Ron this hypersurface and, on the other hand, to impose a boundary
data up along the submanifold B. It will be convenient here to use the standard
terminology of general relativity and to refer to H; as spacelike hypersurfaces.

Under the global hyperbolicity condition (2.11)—(2.13), the initial and bound-
ary value problem now takes the following form. The boundary condition
(2.10) decomposes into an initial data

ug{() = MO (214)

and a boundary condition
ul, € Eyo(us). (2.15)
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Correspondingly, the condition in Definition 2.4 now reads
fM (dy A Q@)+ (@dQ)(w) — 1 I, U(w)(dw) (u) )
[ o (7 + )y = o)
B

' fH Q) - f% Qo) > 0.

Finally, we introduce:

Definition 2.7. A flux field w is called geometry-compatible if it is closed for each

value of the parameter,
(dw)(u) =0, uelR. (2.16)

This compatibility condition is natural since it ensures that constants are
trivial solutions to the conservation law, a property shared by many models of
fluid dynamics (such as the shallow water equations on a curved manifold).
When (2.16) holds, then it follows from Definition 2.3 that every entropy flux
tield € also satisfies the condition

@dQ)@) =0, ueR

In turn, the entropy inequalities (2.9) for a solution u : M — R simplify drasti-
cally and take the form
d(Q(u)) < 0. (2.17)

2.3 Finite volume method on a spacetime

2.3.1 Assumptions and formulation

From now on we assume that the manifold M = [0, T] X N is foliated by slices
with compact topology N, and the initial data u, is taken to be a bounded
function. We also assume that the global hyperbolicity condition holds and
that the flux field w is geometry-compatible, which simplifies the presentation
but is not an essential assumption.

Let " = [Jgeq K be a triangulation of the manifold M, that is, a collection
of finitely many cells (or elements), determined as the images of polyhedra of
R"*!, satisfying the following conditions:

e The boundary JK of an element K is a piecewise smooth, n-manifold,
dK = |J,cox € and contains exactly two spacelike faces, denoted by e} and
ey, and “vertical” elements

e’ € K := 9K \ {e}g, elz}.
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e The intersection K N K’ of two distinct elements K, K’ € T" is either a
common face of K, K’ or else a submanifold with dimension at most (n—1).

e The triangulation is compatible with the foliation (2.11)-(2.12) in the sense
that there exists a sequence of times t) = 0 < t; < ... < ty = T such that
all spacelike faces are submanifolds of H, := H,;, for some n = 0,...,N,
and determine a triangulation of the slices. We denote by T} the set of

all elements K which admit one face belonging to the initial hypersurface
Ho.

We define the measure |e| of a hypersurface e C M by

o] = f i*uw(0). (2.18)

This quantity is positive if e is sufficiently “close” to one of the hypersurfaces
along which we have assumed the hyperbolicity condition (2.13). Provided
le] > 0 which is the case if ¢ is included in one of the slices of the foliation, we
associate to e the function ¢, : R — R, as defined earlier. Recall the following
hyperbolicity condition which holds along the triangulation since the spacelike
elements are included in the spacelike slices:

¢ < 0upe: (1) <T, KeJ" (2.19)

We introduce the finite volume method by formally averaging the conser-
vation law (2.4) over each element K € J" of the triangulation, as follows.
Applying Stokes theorem with a smooth solution u to (2.4), we get

0= fK d(w(u)) = fa T,

Then, decomposing the boundary dK into its parts e}, e, and 9°K we find

L ' w(u) - f o)+ )

eVedK

f *ou) = 0. (2.20)

Given the averaged values u; along e; and u; along ¢° € d°K, we need an
g K K Ko

approximation uy of the average value of the solution u along ;. To this end,
the second term in (2.20) can be approximated by

fi*a)(u) ~ fi*a)(ulz) = legle, (ux)

K K

and the last term by
[ 7ot~ gt i),
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where the total discrete flux qxp : R* = R (i.e., a scalar-valued function) must
be prescribed.

Finally, the proposed version of the finite volume method for the conserva-
tion law (2.4) takes the form

fi*a)(u;g):fi*a)(u;()— Z qK,eo(uI},uIQFO) (2.21)
ex ek eVed'K
or, equivalently,
lechpe (1) = lelpeg () = Y| age(utg, 1 ). (222)
eVed'K

We assume that the functions qg « satisfy the following natural assumptions
forallu,v e R:

e Consistency property :

ko@D = [ o, 2.23)

e Conservation property :
Qe (0, 1) = (i 0(1, V). (2.24)

e Monotonicity property :
duq 0 (U,0) >0, I5qi.0 (1, 0) < 0. (2.25)

We note that, in our notation, there is some ambiguity with the orientation
of the faces of the triangulation. To complete the definition of the scheme we
need to specify the discretization of the initial data and we define constant
initial values uxo = uy (for K € ‘J’é’) associated with the initial slice H, by setting

‘fmm@:f}mm, ex C Hy. (2.26)

K K

Finally, we define a piecewise constant function u" : M — R by setting for
every element K € T"
W'(x)=uy, xek (2.27)

It will be convenient to introduce N := #9°K, the total number of “vertical”
neighbors of an element K € 7", which we suppose to be uniformly bounded.
For definiteness, we fix a finite family of local charts covering the manifold
M, and we assume that the parameter / coincides with the largest diameter of
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faces ef of elements K € 7", where the diameter is computed with the Euclidian
metric expressed in the chosen local coordinates (which are fixed once for all
and, of course, overlap in certain regions of the manifold).

For the sake of stability we will need to restrict the time-evolution and
impose the following version of the Courant-Friedrich-Levy condition: for all
KeJ",

Nx
— max su
lex| ek up

f 8ua)(u)' <inf e, (2.28)

in which the supremum and infimum in u are taken over the range of the initial
data.
We then assume the following conditions on the family of triangulations:

3 Trznax + h2 . T%nax
Iim ——=lim—— =0 (2.29)
h=0  Tein -0 h

where Ty = max;(ti1 — ;) and Ty, = min;(t;1 — ¢;). For instance, these
conditions are satisfied if Tpmay, Tmin, and h vanish at the same order.

Our main objective in the rest of this paper is to prove the convergence
of the above scheme towards an entropy solution in the sense defined in the
previous section.

2.3.2 A convex decomposition

Our analysis of the finite volume method relies on a decomposition of (2.22)
into essentially one-dimensional schemes. This technique goes back to Tadmor
[46], Coquel and LeFloch [9], and Cockburn, Coquel, and LeFloch [15].

By applying Stokes theorem to (2.16) with an arbitrary u € IR, we have

0= fK d(w(n)) = fa Ki*w(ﬁ)
_ f ieo(il) - f Fo@+ Y, Qe T).

K eVedVK
Choosing u = uy, we deduce the identity
lexhpe (170) = lelpe () = Y| e (uik, %), (2.30)
V€K
which can be combined with (2.22) so that

(Pel’g(u;&)
_ 1 o -
= (Pe;((uk) - Z e_;;l(qK,eo(uK’ ”KEO) — qgeo(Uy, uK))

eVedVK

1 _ 1 o o
= Z (N—Kﬁoeg(uK) - e_ﬂ(qK,eo(MK, ”Keo) — qeo(Ug, “K)))-
K

eVedK
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By introducing the intermediate values i?;;eo given by

Pep (I}, o) = Pes (1) - l(quowK,uKU) A (i, g)), (2.31)

we arrive at the desired convex decomposition
o (uf) = Z Per (17 )- (2.32)
K ek

Given any entropy pair (U, Q) and any hypersurface e C M satisfying |e| > 0
we introduce the averaged entropy flux along e defined by

(p?(u) ::fi*Q(u).

Obviously, we have ¢% (1) = @.(u).
Lemma 2.8. For every convex entropy ﬂux Q one has
Per o (1150) *N. Z (Pe+( Uy o)- (2.33)
K wegx
The proof below will actually show that the function @< o (%)™ is convex.
K K

Proof. It suffices to show the inequality for the entropy flux themselves, and
then to average this inequality over e. So, we need to check:

Qi) < - Z QG ). (2.34)

60680K

Namely, we have

— Z Q@I ) - Qi)

60680K
1
=N Z C()(MK) - Kreo))auu(u;(—) + N_ Z DK,eOI
K wegx K wex

with

1
Dy = f D) (T + = T ) — WEL0)) (1 — T ) da.
0

In the right-hand side of the above identity, the former term vanishes identically
in view of (2.31) while the latter term is non-negative since U(u) is convex in u
and d,w is a positive n-form. O
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2.4 Discrete stability estimates

2.4.1 Entropy inequalities

Using the convex decomposition (2.32), we can derive a discrete version of the
entropy inequalities.

Lemma 2.9 (Entropy inequalities for the faces). For every convex entropy pair
(U, Q) and all K € T" and €° € 9°K, there exists a family of numerical entropy flux
functions Qg » : R? = R satisfying the following conditions for all u,v € R:

o Qg . is consistent with the entropy flux C:

Qg eo(u,u) = f 'Qu). (2.35)
e Conservation property:
QK,eO (u/ U) = _QKSO,eO (U, u)- (236)

e Discrete entropy inequality: with the notation introduced earlier, the finite
volume scheme satisfies

Nk
+
€x

et (U ) = P82 () + = Quean (i, 1) = Qe it 1)) 0. (2.37)

Combining Lemma 2.8 with the above lemma immediately implies:

Lemma 2.10 (Entropy inequalities for the elements). For each K € T" one has the
inequality

el (P20 = 20u) + Y, (Qug i) = Qity, 1)) < 0. (2.38)
eVed'K

Proof of Lemma 2.9. Step 1. For u,v € R and ¢° € 9°K we introduce the notation

N
Hi (11, 0) 1= Qe (1) — —( Qe (1, 0) = e (1t, 1)),

YK
exl
Observe that

HK,eO(u/ u) = (sz(u)

We claim that Hy . satisfies the following properties:

d d
aHK,eo(u, v) >0, %HK,eo(u, v) > 0. (2.39)
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The proof of the second property is immediate by the monotonicity property
(2.25), whereas, for the first one, we use the CFL condition (2.28) together with
the monotonicity property (2.25). From the definition of H (1, v), we observe

that
HK,eo(u/ uKEo) = (1 - Z aK,e())(Pe;g(u) + Z aK,eO(Pe;E(uKeg )/

eVedVK eVedVK

where
1 qreo(U, Uk y) = qreo(U, 1)

Qg0 = —
e 61+<| Pet (u) — Qe (quo)

This gives a convex combination of ¢, (1) and ¢ (uk, ). Indeed, by the mono-
tonicity property (2.25) we have ) .k akeo > 0 and the CFL condition (2.28)

gives us
Y awes ¥,
e < ),
exl

eVedVK e0edK

qK,CO (1/[, uKHo) - qK,eO (l/l, M)

Py () = Qe (k)

Step 2. It is sufficient to establish the entropy inequalities for the family
of Kruzkov’s entropies Q. In connection with this choice, we introduce the
numerical version of Kruzkov’s entropy flux

Q(u,v,¢) == qge(u Vc,v V)= qgo(u Ac,vAc),

where a V b = max(a, b) and a A b = min(a, b). Observe that Qg .(u, v) satisfies
the first two properties of the lemma with the entropy flux replaced by the
Kruzkov’s family of entropies Q2 = Q defined in (2.8).

First, we observe

Hygo(uVe,vVce)—Hgpo(uAc,vAc)

N
=@ (Vo) - ﬁ(qmo(u VeoVe)—qre(uVeuV c))
K

2.40
- ((PEE(” Ac)— I;]—ﬁ(qK,eo(u Ac,vAc) = qge( Ac,u A c))) (240)
K

= 92010 - X (Q(w, 0,0 - Qu,1,0),

exl
where we used
et (U V €)= ez (u A c) =f "Qu,c) = (pe%(u, C).
e
Second, we check that for u = uy, v = uy . and for any c € R

Hy o(ug Ve, Ug, V c) — Hgo(ug Ac, Ug, A c) > (pg+< (i?;;eo, C). (2.41)
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To prove (2.41) we observe that

Hyo(u,v) V Hg (A, A) < Hgo(u VA, 0V A),
Hy (1, v) ANHgo(A, A) > Hio(u A A0 A NA),

where Hy0 is monotone in both variables. Since ¢,: is monotone, we have

Hyo(ux V ¢ty V €) = Hygo (1t A, i, Ac)

2

Higeii, ) = Hio 6, 0)| = ey (7,0) = ey ©)

= 580 (e (15 0) = P (0))( P (5 ) = P2 (€))
= sgn (2[1230 - C)((Pelﬁ(gﬁleo) - (Pej((c)) = (sz (a’;;eo; c).

Combining this identity with (2.40) (with u = uy, v = Uy ), we obtain the

following inequality for the Kruzkov’s entropies

QT+ Q. — Nk

P (W0, ©) = 953 (11 ) + 125 (QEw,0,€) = QG 1,0)) < 0.
K

As already noticed, this inequality implies a similar inequality for all convex
entropy flux fields and this completes the proof. O

If V is a convex function, then a modulus of convexity for V is any positive
real p < inf V”, where the infimum is taken over the range of data under
consideration. We have seen in the proof of Lemma 2.8 that p*o(p®)™! is convex
for every spacelike hypersurface e and every convex function U (involved in
the definition of Q).

Lemma 2.11 (Entropy balance inequality between two hypersurfaces). For K €
-1
T", let Ber be a modulus of convexity for the function @f o ((p;‘i) and set f =
K K
mingeqgn Ber. Then, for i < jone has

1 Q p | +]?
Z |eKl(pe;g(uK) + Z ZNKleK”uK’EO - u[<|

Keﬂf’j KET{’H)
it
ek (2.42)
Q-
< Y Lkl ),
Ke‘J‘fj

where T} is the subset of all elements K satisfying ey € Hy, while Tﬁi,tj) = Uarej T1-

We observe that the numerical entropy flux terms no longer appear in (2.42).
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Proof. Consider the discrete entropy inequality (2.37). Multiplying by |e}|/Nx
and summing in K € 7%, ¢° € 9K gives

el o~ Q-
Y, w PG - ) ekl )

KeT" KeJh
eYed’K (2.43)
+ Z (Queo i 1) = Qo iz, 1)) < 0.

KeT"

e%ed’K

Next, observe that the conservation property (2.36) gives

Y Quolug,ug,) = 0. (2.44)

KeT"
Ved’K

So (2.43) becomes

lexl o ~ _
Y, N PR - ) leklgB )

KeT" KeJ
Ved’K (245)
- Z Qg o(ug, ug) <0.

KeTh

ed’K

Now, if V is a convex function, and if v = ) Q0] is a convex combination
of vj, then an elementary result on convex functions gives

V() + g Z]‘ ajlo; - o < Z]‘ a,V(©)),

where 8 = inf V”, the infimum being taken over all v;. We apply this inequality
with v = @+ (ug) and V = ¢f o (¢%)~", which is convex.
K K

Thus, in view of the convex combination (2.32) and by multiplying the
above inequality by |ef| and then summing in K € %, we obtain

+
Y et + Y b1 g o = Ukl
°k 2 Nk Ke

KeX" KeX"
VedV K" VedVK"
lex|
K' Q7+
< N Por uK,eO ) :
K'eX" KoK

edK"
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Combining the result with (2.45), we find

_ Blexl _
Y el = ) el ) + Y, S i~ uil

KeTh KeJh K'eX"

ePedK" (2.46)
< Y Quelug, ).

KteX"
Ved'K"

Using finally the identity

0= f AQip) = fg QG

= letlpS () = lexlg () + Y Quanliig, 1),

eVed'K

we obtain the desired inequality, after further summation over all of the ele-
ments K within two arbitrary hypersurfaces. O

We apply Lemma 2.11 with a specific choice of entropy function U and
obtain the following uniform estimate.

Lemma 2.12 (Global entropy dissipation estimate). The following global estimate
of the entropy dissipation holds:

et e .

Y e uf] sc | 7Quo) (2.47)
KeT" K Ho
eVed'K

for some uniform constant C > 0, which only depends upon the flux field and the
sup-norm of the initial data, and where Q) is the n-form entropy flux field associated
with the quadratic entropy function U(u) = u?/2.

Proof. We apply the inequality (2.42) with the choice U(u) = u?

_ _ lex! 2
02 ) (exlp () — el () + ) | P, — g

E Nk uK,eO
KeTh KeJ"
Ved'K

After summing up in the “vertical” direction and keeping only the contribution
of the elements K € T/ on the initial hypersurface 3, we find

|eIJE| 4+ +|2 2 -1,
Z N Ugo — MK| = E Z |€K|(Pel—<(u1<,0)-

KeT" KeT!
ed’K
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Finally, we observe that, for some uniform constant C > 0,

Y lexlg (uko) < C f " Qo).

KeTh Ho

These expressions are essentially L? norm of the initial data, and the above
inequality can be checked by fixing a reference volume form on the initial
hypersurface H, and using the discretization (2.26) of the initial data u,. m|

2.4.2 Global form of the discrete entropy inequalities

We now derive a global version of the (local) entropy inequality (2.37), i.e.
we obtain a discrete version of the entropy inequalities arising in the very
definition of entropy solutions.

One additional notation is necessary to handle “vertical face” of the trian-
gulation: we fix a reference field of non-degenerate n-forms w on M which will
be used to measure the “area” of the faces " € d°K. This is necessary in our
convergence proof, only, not in the formulation of the finite volume method.
So, for every K € T" we define

|5 = f i‘w for faces e’ € °K (2.48)
EO

and the non-degeneracy condition means that |¢°[; > 0.
Given a test-function ¢ defined on M and a face ¢’ € d°K of some element,
we introduce the following averages

where, for the first time in our analysis, we use the reference n-volume form @.

Lemma 2.13 (Global form of the discrete entropy inequalities). Let Q2 be a convex
entropy flux field, and let 1 be a non-negative test-function supported away from the
hypersurface t = T. Then, the finite volume approximations satisfy the global entropy

inequality
- [ g~ Y [ v o)

ke ke Ve (2.49)
< A"(y) + B"(®) + C'(y),
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with .
e
A= Y, g (o= o) (9 G00) — 95 000),
KreX"
ePed'K"
B'w) = ) ﬁ (e = 1) Qutp),
S

cw=-Y f Vo — ) (FQY - 1QGR)).

KeTh

Proof. From the discrete entropy inequalities (2.37), we obtain

Y —weo((pe+<u1<go) 95 11))

Krex"
e K" (2.50)
+ Y v (Qualiiy uk,) - Quelug, 1)) <0
Krex"
eVed’K"
Thanks the conservation property (2.36), we have
Z ¢COQK,EO (u1_</ ul_ﬂ,o) =0
KheX”
eDedK"

and, from the consistency property (2.35),

Z ¢60QK60(MK,uK)— Z gbeofzﬂ(uK

K'eX" KreX"

eVedV K" VeV K"
- ¥ [vraws ¥ [we-virow,
KreX™" KreXx"
eIk ek

Next, we observe

Y —weo 02 i)

KreX"
eVed'K"
e ez o~
= ) el )+ Y, 5 Wa — Yael )
K'eX" K'eX"
YedK" eed'K"
;]
> ) IR + ), oo — )P (F ),
KeJ K"eﬂ(”

edK"
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where, we used the inequality (2.33) and the convex combination (2.32). In
view of

e’

K Q/. - Q. —
D N Yo PR = ) ekl @3 1)
Krexr K KeTh

806301(”

the inequality (2.50) becomes

Y letprr(9B ) - 95 0) - Y f Pi0a)
Kiexn Ve

Keg* 0cg0 K"
] (2.51)
s= Y = vael @+ Y, [ o= 9)iae.
K”EIK'” K'eX"
ePed'K" PedlK”
Note that the first term in (2.51) can be written as
Y letlaor( 92 04) — 9 1))
KeTJh
-y f YEQD) - Q) + Y f (o = ) Q) - 7O7))

KeJh KeJh

We can sum up (with respect to K) the identities

f AWy = f P 0;)

f¢zQ(uK)—fgsz(uK)+ Y i Q(uy)

eVed'K e

and combine them with the inequality (2.51). Finally, we arrive at the desired

conclusion by noting that
Z f P ' Q(uuk)-

([ wrawp- f Y i0u;) =

KeJh K KeT!

2.5 Convergence and well-posedness results

We are now in a position to establish:

Theorem 2.14 (Convergence of the finite volume method). Under the assump-
tions made in Section 2.3 and provided the flux field is geometry-compatible, the family
of approximate solutions u" generated by the finite volume scheme converges (ash — 0)
to an entropy solution of the initial value problem (2.4), (2.14).
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Our proof of convergence of the finite volume method can be viewed as a
generalization to spacetimes of the technique introduced by Cockburn, Coquel
and LeFloch [12, 13] for the (flat) Euclidean setting and already extended to Rie-
mannian manifolds by Amorim, Ben-Artzi, and LeFloch [2] and to Lorentzian
manifolds by Amorim, LeFloch, and Okutmustur [3].

We also deduce that:

Corollary 2.15 (Well-posedness theory on a spacetime). Let M = [0, T] X N be a
(n + 1)-dimensional spacetime foliated by n-dimensional hypersurfaces H; (t € [0, T])
with compact topology N (cf. (2.4)). Let w be a geometry-compatible flux field on M
satisfying the global hyperbolicity condition (2.13). An initial data u, being prescribed
on o, the initial value problem (2.4), (2.14) admits an entropy solution u € L*(M)
which, moreover, has well-defined L' traces on any spacelike hypersurface of M. These
solutions determines a (Lipschitz continuous) contracting semi-group in the sense that

the inequality
f i7, Qg 0y ) < f i3, Q(ur, on) (2.52)
H/

H

holds for any two hypersurfaces H, H" such that H' lies in the future of H, and the
initial condition is assumed in the weak sense

lim L iy, Q(u(t), v(t)) = j;(ﬁ it 1o, Vo). (2.53)

We can also extend a result originally established by DiPerna [18] (for con-
servation laws posed on the Euclidian space) within the broad class of entropy
measure-valued solutions.

Theorem 2.16. Let w be a geometry-compatible flux field on a spacetime M satisfying
the global hyperbolicity condition (2.13). Then, any entropy measure-valued solution
v (see Definition 2.5) to the initial value problem (2.4), (2.14) reduces to a Dirac mass
at each point, more precisely

v =0,, (2.54)

where u € L*(M) is the unique entropy solution to the same problem.

We omit the details of the proof, since it is a variant of the Riemannian proof
given in [6].

It remains to provide a proof of Theorem 2.14. Recall that a Young measure
v allows us to determine all weak-* limits of composite functions a(u") for all
continuous functions a,as h — 0,

a"y = (v,a) = f}l;a(/\) dv(A). (2.55)
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Lemma 2.17 (Entropy inequalities for the Young measure). Let v be a Young
measure associated with the finite volume approximations u". Then, for every convex
entropy flux field Q) and every non-negative test-function y supported away from the
hypersurface t = T, one has

f ,dp A Q()) - f Q) < 0. (2.56)
M Fo

Based on this lemma, we are now in position to complete the proof of
Theorem 2.14. Thanks to (2.56), we have for all convex entropy pairs (U, Q2),

d{v,Q()) <0

in the sense of distributions on M. On the initial hypersurface H, the (trace
of the) Young measure v coincides with the Dirac mass 6,,. By Theorem 2.16
there exists a unique function u € L*(M) (the entropy solution to the initial-
value problem under consideration) such that the measure v coincides with the
Dirac mass 6,. Moreover, this property also implies that the approximations 1"
converge strongly to u, and this concludes the proof of the convergence of the
finite volume scheme.

Proof of Lemma 2.17. The proof is a direct passage to the limit in the inequality
(2.49), by using the property (2.55) of the Young measure. First of all, we
observe that, the left-hand side of the inequality (2.49) converges to the left-
hand side of (2.56). Indeed, since w is geometry-compatible, the first term of
interest

Z fK d(YQ)(ug) = Z fK dp A Quy) = fM dy A Q)

KeJh KeJh

converges to fM<v, di A Q(-)). On the other hand, the initial contribution

Y | piQauke) = f% P irQul) - f% P i*Qug),

KeT! fk

in which u! is the initial discretization of the data 1 and converges strongly to
Up since the maximal diameter h of the element tends to zero.

It remains to check that the terms on the right-hand side of (2.49) vanish in
the limit 7 — 0. We begin with the first term A"(y). Taking the modulus of this
expression, applying Cauchy-Schwarz inequality, and finally using the global
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entropy dissipation estimate (2.47), we obtain

el _
A S Y, ol — i — gl

K"eX"
PedIK”
el 1/2 e’ 1/2
K 2 Kl ~ -2
<( 2, o= o) () 7 e - P)
Krexn K Krexcr K
Ved'K” ePedOK"
lex | A\12 . 1/2
<( Y, o Camnt?) (| QW)
Krexr K Ho
VedK"

hence
Tmax + 1

(Tmin) />

Here, Q is associated with the quadratic entropy and have used the fact that
[Waox — | < C (Tmax +H). Our conditions (2.29) imply the upper bound for A"(y)
tends to zero with h.

Next, we rely on the regularity of i and (2 and estimate the second term on
the right-hand side of (2.49). By setting

 Jo Q)

e0 = e~ 7
[id

A < C (e + 1 Y tetl) < C”

KeJh

we obtain
’ 3 " _ o
Fwi=| Y [ wa-w(raup - caia)
Vel K"
< Z sup [0 — Y| f 1Quy) — Ceoi*a‘
K'eX" K e
EOEQOK”
< C Z (Tmax + h)2 |60|5/
K'eX"
eVedVKn
hence )
|Bh(l’b)| < C (Tmaxh+ h) )

Again, our assumptions imply the upper bound for B"(¢)) tends to zero with h.
Finally, consider the last term in the right-hand side of (2.49)

C < Y lelsuplymc - 91 [ 17000 - Q)L

KeTh
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using the modulus defined in the beginning of Section 2. In view of the
inequality (2.34), we obtain

4

e’
K —~ _
IC"(W) < C < [aok — Pl [ug 0 — g
K.é
KteX" NK ,
eOel;OKn

and it is now clear that C"(¢) satisfies the same estimate as the one we derived
for A"1). O
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Partie 11

Estimation d’erreur et mise en
oeuvre
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Chapitre 3

Estimation d’erreur pour les
méthodes de volumes finis sur une
variété”

Error estimate for finite volume methods on
manifolds

3.1 Introduction and background

The mathematical theory of hyperbolic conservation laws posed on curved
manifolds M was initiated by Ben-Artzi and LeFloch [6], and developed to-
gether with collaborators [2, 3, 7, 32, 34, 35]. For these equations, a suitable
generalization of Kruzkov’s theory has now been established and provides the
existence and uniqueness of an entropy solution to the initial and boundary
value problem for a large class of hyperbolic conservation laws and manifolds.
The convergence of the finite volume schemes with monotone flux was also
established for conservation laws posed on manifolds.

The purpose of the present paper is to show that the error estimate for
finite volume methods, due to Cockburn, Coquel, and LeFloch [15, 13] in the
Euclidian setting carries over to curved manifolds. To this end, we will need
to revisit Kuznetzov’s approximation theory [28, 29] and adapt the technique
developed in [13]. One technical difficulty addressed here is the adaption of the
standard “doubling of variables” technique to curved manifolds. We recover
that the rate of error in the L' norm is of order h'/%, where h is the maximal
diameter of an element of the triangulation of the manifold, as discovered in
[13].

Recall that the well-posedness theory for hyperbolic conservation laws

“En collaboration avec P. G. LeFloch et W. Neves [33].
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posed on a compact manifold was established in [6], while the convergence of
monotone finite volume schemes was proved in [2]. In both papers, DiPerna’s
measure-valued solutions [18] were used and can be viewed as a generaliza-
tion of Kruzkov’s theory [27]. In contrast, in the present paper we rely on
Kuznetsov’s theory, which allows us to bypass DiPerna’s notion of measure-
valued solutions. Indeed, our main result in this paper provides both an error
estimate in the L' norm and, as a corollary, the actual convergence of the scheme
to the entropy solution; this result can be used to establish the existence of this
entropy solution.

For another approach to conservation laws on manifolds we refer to Panov
[40] and for high-order numerical methods to Rossmanith, Bale, and LeVeque
[41] and the references therein. Concerning the Euclidian case M = R" we want
to mention that the work by Cockburn, Coquel, and LeFloch [15, 13] (submitted
and distributed in 1990 and 1991, respectively) was followed by important
developments and applications by Kroner [25] and Eymard, Gallouet, and
Herbin [20] to various hyperbolic problems including also elliptic equations.
In [15], the technique of convergence using measure-valued solutions goes back
to pioneering works by Szepessy [43, 44] and Coquel and LeFloch [9, 10, 11].
Concerning the error estimates we also refer to Lucier [36, 37], as well as to
Bouchut and Perthame [8] where the Kuznetsov theory is revisited.

An outline of this paper follows. In the rest of the present section we present
some background on conservation laws on manifolds and briefly recall the
corresponding well-posedness theory. Then in Section 2 we present the class
of schemes under consideration together with the error estimate. Sections 3
and 4 contain estimates for various terms arising in the decomposition of the
L! distance between the exact and the approximate solutions. The proof of the
main theorem is given at the beginning of Section 4.

3.2 Conservation laws on a manifold

Let (M, g) be a connected, compact, n-dimensional, smooth manifold endowed
with a smooth metric g, that is, a smooth and non-degenerate 2-covariant
tensor field: for each x € M, g, is a scalar product on the tangent space T, M at
x. For any tangent vectors X, Y € T,M, we use the notation g:(X,Y) = (X, Y),
and [X]; := (X, X); 2. We denote by d, the associated distance function and
by dv, = doy the volume measure determined by the metric. Moreover, we
denote by V, the Levi-Civita connection associated with g. The divergence
operator div, of a vector field is defined intrinsically as the trace of its covariant
derivative. It follows from the Gauss-Green formula that for every smooth

vector field and any smooth open subset S ¢ M

fdivgf doy = f (f, n)gdovss,
S a8
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where dS is the boundary of S, 1 is the outward unit normal along dS, and dv,s
is the induced measure on dS.

Consider local coordinates (x') together with the associated basis of tangent
vectors {e;} = {9;} and covectors {e'}. The differential of a function u : M — R
is the differential form du = (du);e’ = %ei, where the summation conven-
tion over repeated indices is used. The vector field V,u associated with du is
given by Vou = (Veou)' e; = ¢ (du)ie;, where (¢”) is the inverse of the matrix
(Qij) = ((ei, ej)g). The covariant derivative of a vector field X is a (1, 1)-tensor

tield whose coordinates are denoted by (VgX),];. The following formula for the
divergence of a smooth vector field will be useful:

divg (f(u, %)) = du(@, f(u, x)) + ( divg f)(u, x)
- du 1 ,
=duf' == + —=di(Igl f).

We will use the following standard notation for function spaces defined
on M. For p € [1,00] the usual norm of a function & in the Lebesgue space
LP(M; g) is denoted by |1l ;g and, when p = oo, we also write |[]|.. For any
f €L, (M;g)and any open subset N C M we use the notation

f o= [ fordo, W= [ o

3.2.1 Well-posedness theory

We are interested in the following initial-value problem posed on the manifold
(M, )

u +dive (fu,-) = 0 onR, XM, (3.1)

u(0,-) = ug on M, (3.2)

where 1 : Ry X M — R is the unknown and the flux f = f.(u) = f(u,x) is a

smooth vector field which is defined for all x € M and also depends smoothly

upon the real parameter u. The initial data in (3.2) is assumed to be measurable

and bounded, i.e. 1y € L*(M). Moreover, f satisfies the following growth
condition

max (divg f)a, x| <C+Clul,  ueR (3.3)

for some constants C,C’ > 0.

Definition 3.1. A pair (U, F) is called an entropy pair if U : R — R is a Lipschitz
continuous function and F = F(u, x) is a vector field such that, for almost all i1 € R
and all x € M,

d.F(i1, x) = 9, U(i)d, f (7, x).

If U is also convex, then (U, F) is called a convex entropy pair.
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The most important example of convex entropy pairs is the family of
Kruzkov’s entropies, defined for u, c € R by

(U, ), Fu(u, 0)) = (ju — c|, sgn(u - o)(fu(wr) - £:(0))) -
=((u\/c—u/\c), fx(u\/c)—fx(u/\c)), '
where u V ¢ = max{u,c}, u A ¢ = min{u, c}.

Definition 3.2. A function u € L*(IR, X M) is called an entropy solution to the initial
value problem (3.1)-(3.2), if for every entropy pair (U, F) and all smooth functions
¢ = ¢(t, x) > 0 compactly supported in [0, 00) X M,

f f » (U) pr + (Folw), Vb)) dogdt

(3.5)
+ ff+XM G (u)p(t, x) dvgdt + L U(uo(x))p(0) dv, > 0,

where Gy(u) := (divg Fx)(u) — 0, U(u)(div, f.)(u).

For instance, with Kruzkov’s entropies the above definition becomes (for
all c € R)

ff (Ll(u, ¢) i + (Fx(u, c), Vg¢)g) dvdt

RyxM

B ff sgn(u — ) (divg f)(c,x) ¢ dogdt + f g — c| (0) dovg = 0.
R+xM M

The well-posed theory for the initial value problem (3.1)-(3.2) was established
in Ben-Artzi and LeFloch [6].

In the present paper, we are interested in the discretization of the problem
(3.1)-(3.2) in the case that the initial data is bounded and has finite total variation

1y € L¥(M) N BV(M; g). (3.6)

In particular, it is established in [6] that in the case of bounded initial data,
the following variant of the maximum principle is established:

()@ < Co(T, &) + CH(T, ) llu(s)llL=a), 0<s<t<T,

where the constants Cy, C; > 0 depend on T and the metric g.
Recall the definition of the total variation of a function w : M — R

TV (w) := sup fw div,¢ do,,
ll$llo<1 M
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where ¢ describes all C! vector fields with compact support. We denote by
BV(M;g) = {u € L'(M; ) / TV,(u) < oo},

the space of all functions with finite total variation on M. It is well-known
that (provided g is sufficiently smooth) the imbedding BV(M; g) ¢ L'(M; g) is
compact.

In fact, an important property of entropy solutions to (3.1)-(3.2) is the fol-
lowing one: u has finite total variation for all times ¢ > 0 if (3.6) holds and,
moreover,

TV, (u(t)) < Ci(T, g) + CI(T, g) TV (u(s)), 0<s<t<T,

where the constants C;, C; > 0 depend on T and g; see [6] for details. Of course,
this implies a control of the flux of the equation

sup f ‘divg (Flu, ), -))|dvg < C TV, (o).
t>0 M

However, as noted in [2], this inequality can be derived more directly from the
conservation laws and one checks that the constant C is independent of both T
and g and only depend on the largest wave speed arising in the problem.

3.3 Statement of the main result

3.3.1 Family of geodesic triangulations

For 7 > 0, we consider the uniform mesh t, :=nt (n = 0,1,2,...) on the half-
line R,. For & > 0 we denote by J" a triangulation of the given manifold M
which is made of non-overlapping and non-empty curved polyhedra K C M,
whose vertices in JK are joined by geodesic faces. We assume that, if two
distinct elements K;, K, € 7" have a non-empty intersection, say I, then either
I is a geodesic face of both K;, K; or H"}(I) = 0, where H""! denotes the
(n — 1)-dimensional Hausdorff measure.

The boundary JdK of K consists of the set of all faces e of K. We denote by
K, the unique element distinct from K sharing the face e with K. The outward
unit normal to an element K at some point x € e is denoted by n,x(x) € T, M.
Finally, |[K| and |e| represent the n- and (n — 1)-dimensional Hausdorff measures
of K and ¢, respectively. We set

pi= )l

ecdK

and for each K € " the diameter /i of K is

hg := sup d,(x, y).

x,yeK
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We set
h:= supf{hx : K € TM,

which is assumed to tend to zero along a sequence of geodesic triangulations.
We also assume that there exist constants y1,7, > 0 such that

yith<t<yh (3.7)

and
Y5 K| < hg p < y2lK| (3.8)

for all K € J". This condition implies that (as & — 0)
T—0, Wt - 0.

Finally, we set T = 7 nr for every integer nr.

3.3.2 Numerical flux-functions

As in the Euclidean case, the finite volume method can be introduced by
formally averaging the conservation law (3.1) over an element K € 7", applying
the Gauss-Green formula, and finally discretizing the time derivative with a
two-point scheme. First, we define a right-continuous, piecewise constant
function: forn =0,1,...,

ul't,x) =y (4,X) € [ty b)) X M, (3.9)

where

Uy :=fu(tn, x) dvg(x),

K
and

ul ::f;uo(x)dvg(x). (3.10)

Then, in view of (3.1) we write
0= 4 u(t, x) dog(x) +fdivg fu(t, x),x) dug(x)

1 n

uttt —u 1
K K

N —= 4

T m Z <f(1/l(t, y))/ ne,K(y»g ng(y)

ecdK V¢

We introduce flux-functions f,x : R X R — R and write

f<f(w(u;z, W), P e (D))g ATe(y) ~ il i),

The discrete flux are assumed to satisfy the following properties:



3.3. STATEMENT OF THE MAIN RESULT 91

o Consistency property : for u € R,

Forti) = 0,9k ) @11)
e Conservation property : for u,v € R,
fex(u,v) + fox,(v,u) = 0. (3.12)
e Monotonicity property:
d d
8_ufe'K >0, %fek <0. (3.13)

Then, we formulate the finite volume approximation as follows:

n n T n n
W= - T4 Z;Q el (a1l ) n=0,1,..). (3.14)

For the sake of stability of the numerical method, we impose a CFL stability

condition:
T sup Px Lip(f) <1, (3.15)
KeT" K]

where Lip(f) is the Lipschitz constant of f.

3.3.3 Main theorem
The main result of the present paper is as follows.

Theorem 3.3 (Error estimate for the finite volume scheme on manifolds). Let
u : Ry X M — R be the entropy solution associated with the initial value problem
(3.1)-(3.2) for an initial data uy € L*(M) N BV(M;g). Let u" be the approximate
solution defined by (3.9) and (3.14). Then, for each T > O there exist constants

Co = Co(T, g lluollz=), Ci=Cy(T, g, TV,(uo)),

Co = Co(T, g, lluollr2qa;g)

such that for all t € [0, T]

||uh(t) - u(t)”Ll(M;g)

<(Co Mg +Cy ) it (Co IMIY? +(Co €1 )7 IMIY2 112

+ (( Co & )1/2|M|é/2 + (C1 @) )1/2) |M|§/4 B4
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The rest of the present paper will be devoted to the proof of this theorem,
which will follow from a suitable generalization of the arguments introduced
earlier in Cockburn, Coquel, and LeFloch [13].

Remark 3.4. 1. It is sufficient to establish Theorem 3.3 for smoother initial
data. When u, is measurable and bounded on M one can then show the
existence of weak solutions to the initial value problem (3.1)-(3.2) as follows.
Let u} € L*(M) N BV(M) be such that
}lin(} ug = Uy in LY(M; Q).
Solving the corresponding problem (3.1)-(3.2) for the regularized initial data,
we deduce from Theorem 3.3 that the approximation solutions {u"};5o form a
Cauchy sequence in L'. Moreover, in view of the (discrete) maximum principle
established later in this paper and for every T > 0, these solutions are uniformly
bounded in L*((0, T) X M). Consequently, there is a function u € L*, such that
%irr(} u'=u in the L' norm.

Finally, we note that Definition 3.2 is stable in the L' norm.

2. An immediate consequence of the L!-contraction property is an estimate
of the modulus of continuity in time, that is

1" () = w' Slaag < Ch+C |t =],

where the constants C > 0, C’ > 1 may depend on T as well as the metric g.

3.3.4 Discrete entropy inequalities

We will rely on a discrete version of the entropy inequality formulated by ex-

pressing u*! as a convex combination of essentially one-dimensional schemes.

For each K € 7", e € 9K, we define

~n n TPK n n n n
iy, = 1y — m(fex(up ) — fox(uy, ) (3.16)
and set .
it = gt - P (3.17)
T
where .
fi= = Y lelfoxu ).
Px ecdK
Therefore, in agreement with (3.14) we find
1
Wit =— Y Jel . (3.18)
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Remark 3.5. The error estimate will be derived from the family of Kruzkov’s
entropies. Recall that any smooth entropy (1) can be recovered by the family
of Kruzkov’s entropies, that is

=5 [ e o de

The result follows for any entropy by a standard regularization argument.
Moreover, if (7, 9) is any convex entropy pair, then

\fa (&) Fu(u, &) d

Define the numerical family of Kruzkov’s entropy-flux as
Fex(u,v,¢) == fox(uVec,oVe) = fox(uAc,vAc). (3.19)

Givenany convex entropy pair (U, F), define the numerical entropy-flux F, x(u, v)
associated to F by

1
Fex(u,v) := f I2U(E) Fox(u,v, &) dE.
Hence, from the condition of the discrete flux we see that F, x (1, v) satisfies

e ForuelR,

FE,K(uI l/l) = f(Fy(u)/ ne,K(y»g drg(y)

e Foru,velkR,
Fox(u,0)+ Fox,(v,u) =0

These properties are inherited from the corresponding properties for the nu-
merical family of Kruzkov’s entropy-flux.

We are in a position to derive the discrete entropy inequalities. For each
KeT" eecdK and u,v € R, we define

H,k(ut,0) := 1 — x( for(,0) = fox(u,u)),
where

TPK
K

Hence from (3.16), H, x(u}, u} )= u”+1 and by definition of H,x, we have

g =

uH,x(1,v) >0, d,H,x(u,v) > 0.
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Thelast inequality is an immediate consequence of the monotonicity of f, x(u, v).
The former follows from this property and the CFL condition. Moreover, we
observe that

Hox(uVA,oVA)—Hex(uAAvADA)

= (1,[\//\—(DK(fe/K(uV/\,UV/\)_ﬁ,K(uV/\/u\//\))>

— (4 A A= Dk (for(u A L0 AA) = fo(u A A1 A N))) (3.20)

=WUVA-uAA) =k (foxmVAOVA)=fox(uAAvAN))
+ @Ok (fex(U VAUV A) = fox(u N A uAA))
= U(u, ) — ok (FE,K(u, v,A) = Fox(u,u, A)),

where we have used (3.19). Now, since H,x(u,v) is an increasing function in
both variables, we have

HE,K(uI Z)) \4 He,K(/\/ A) < HE,K(u \ A/ oV A)/
HE,K(uI ’0) A He,K(/\/ A) > HE,K(u A A/ U A /\)/

hence,
H. x(uVAoVA)—Hg(uAAvADA)

> (Heox(1t,0) V Hox(A, A)) = (Hex(1t, 0) A Ho(A, 1)) (3.21)
= U(H,k(u,v), A).
Consequently, from (3.20), (3.21) taking u = u} and v = u} , we obtain

il

U@ty — Uu?) +
( K,g) ( K) |K|

(Fox(udy, ) = Foxcaif 1)) < 0.

Therefore, we have proved:

Lemma 3.6 (Entropy inequalities for the finite volume scheme). Let (U, F) be a
convex entropy pair. Then, there exists a family of Lipschitz functions F,x : R> > R,
called numerical entropy-flux associated to F, satisfying the following conditions:

¢ Consistency property : for u € R,
Foin 1) = fE, 0, () AT ). 622)

e Conservation property : for u,v € R,

Fox(u,0)+ F.x, (v, u) = 0. (3.23)
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e Discrete entropy inequality:

i

L") = UG) + 7

(Fe (1) = Fox(ug, ul)) < 0. (3.24)

From (3.17) and (3.24), we can write the discrete entropy inequality in terms

n+1 n :
of Ui, and uf, that is

i

U@y — Uul) +

(Fex(u, 1) = Fox(ug,up)) < D!, (3.25)
where Dyt = U(ut!) — U(gh).

To end this section we also recall the discrete maximum principle established
in Amorim, Ben-Artzi and LeFloch [2]: forn =0,1,...,nr,

"< (Co(T) + %) Co(D),
max | (Co(m r}(lgluKl) o(T)

for some constants Co(T), C)(T) > 0.

3.4 Derivation of the error estimate

3.4.1 Fundamental inequality

From now on it will be convenient to use the notation Q7 := [0, T] X M. In this
section we derive a basic approximation inequality on the manifold M, that is,
we derive a generalization of the Kuznetsov’s approximation inequality for the
L' distance
”uh(T) - M(T)”Ll(M;g)'

Before proceeding we need introduce some special test-functions and make
some preliminary observations.

Let ¢ : R — R be any C* function such that suppe < [0,1], ¢ > 0, and
fgo =1. Foreacht’ € R, x’ € M be fixed, each 6,¢ > 0and allt € R, x € M, we

define , (Ao,
R 1 o, x’
poltit) = < o 5 ) el = s (P(T)l (3.26)
where we use the Riemannian distance. Observe that ps(t;t') = ps(t';t),

Ye(x;x") = Pe(x’; x), and

fpa(t) tdt =1, f Pe(x; x') dvg(x) = 1.
R M

Clearly, ¢, is a Lipschitz function on M with compact support contained
in the geodesic ball of radius €, hence . € W'*(M) and by Rademacher’s
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theorem [21] it is differentiable almost everywhere. Moreover, there exists a
constant C > 0, such that for L'—a.e. t € Rand H"—a.e. x e M

. C .

. (3.27)

€n+1 :

4 C ’
|¢e(X;x )l < €_n’ |Vg¢€(X;x )l <

If v : M — Ris a locally integrable function on M, then there exists a sequence
of smooth functions {v"} defined on M, such that

lim o™ =v on L'(M; g).

As in Kruzkov [27], in the case of manifolds we can establish the following
approximation result.

Lemma 3.7. Given a bounded and measurable function v : M — Rand € > 0, the
function

Vi [ [ 9w o) = o)l do o)
MJIM

satisfies
limV, = 0.

e—0

Proof. First, consider the case that v is smooth on M. Let x, x” be two points on
M and, y : [0,1] = M be a minimizing geodesic with y(0) = x and (1) = x".
Therefore, for some & € (0, 1) one can write

d
[o() = o)) = (1)) = o(/O)] = | (@ 0 Y)(E)|

d d
= Kdu(/ (), (SN < Nt (/)] |5 (€)
< IV0lleo dg(x, X7).

Then, applying the inequality above and using (3.27), we obtain

V. = fM fM Pe( ) [o(r) — ()] dog () dog (2)

C
< f — [IVolle Vg(B(€)) € dvg(x)
M €
< CIM|[IV,0ll €,

where Vg(Bx(e)) denotes the volume of the geodesic ball of center x and radius
€, and the constant C > 0 does not depend on €.

Finally, suppose that v is measurable and bounded on M. Since M is com-
pact, v is integrable on M and there exists a sequence of smooth functions {v™}
defined on M converging to v in L'(M; g). We then conclude with a routine
approximation argument. o
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For each p,p’ € Qr, p :== (t,x), p’ = (¥',x’), we consider the special test
function ¢ defined by

dp;p) = ps(t; ) Ye(x; X).

Therefore, as 6,6 — 0, the support of ¢ is concentrated on the set {p = p'}.
For convenience, we introduce the following piecewise approximation of the
functions ps and .. Forn = 0,1, ..., we define p(t; t'), p’(t; ') as

ﬁé(t; t,) = pé(tn+1; t,) (t € [tn/ tn+1))/

~/ ’ / 7 / 7 (3.28)
pé(t;t ) = pé(t; tn+1) (t € [tn/ tn+1))’

and for all K € 7", we define {.(x; x'), P.(x; x’) by the averages of 1(x; x’) along
each interface, that is

Gux) = f Py x)dTy(y) (x e K2 € M),
oK (3.29)

Pl ') = . Ve(xy)dlo(y') (x € M,x" € K).

The following estimate will be useful.

Lemma 3.8. The functions ., . be defined by (3.26), and (3.29), respectively, satisfy
the estimate

h

s
€

sup fM 196 %) — Pl 2)] dog(x') < C

xeM
where C > 0 does not depend on €,h > 0.

Proof. Given K, let x’, x be two points on M and K, respectively. Analogously
to the proof of Lemma 3.7, we could write

[Pe(; %) — Pe(; 27| < fa . [We(y; x7) = Pe(x; X)) dl ()

< Vel ¥)| h < C—m

entl ’

where

|Vg¢'e(C; X’)l = sup |Vg¢e(y/' X’)l.
yedK

Now, we integrate the above inequality on M and obtain

fM [1pe(; ') = pe(; x)| dog(x”) < eil 1 V(Bee)) < C Z
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Moreover, we define the corresponding approximations ¢", ¢, "¢, o ¢,
Vip and V¥ ¢ of the exact value, time derivative and covariant derivative of
the function ¢, respectively:

O"(p;p) = Poltit) Pl ), ¢ (pip)) = py(t) Yol ),
A1) = dips(tit) Ye '), I Pp;p) = depoltit) Pil; ),
and
Vep(p;p') = Polt;t)) Vetpe(x;x'),
Vipp;p) = Pyt t) Viee(x; x').
Analogously, for convenient we introduce a piecewise constant approximation

of the exact solution u, that is

ii(t, x) == u(t,, x), (t € [ty ths1), x € M). (3.30)

Remark 3.9. 1. Note that u represents the entropy solution to problem (3.1)-
(3.2), while u" denotes the piecewise-constant approximate solution (3.9) given
by the schema (3.14). By definition we have ii" = u".
2. The zero-order approximations of the test function ¢, that is, ¢" and ¢"
are due to the explicit dependence of the flux function with the spacial variable.
3. One denotes by dy, V; respectively the time derivative and covariant
derivative with respect to ¢’ and x’ variables.

Next, let us define the approximate entropy dissipation form

Epe(u, ") := fo O} (u, u"(t', xX'); ¥, x') dvg(x')dt,
T

where

®} (u,u"(t',x'); ', x')
=— f fQ (1, x) - (¢, )| ip
+ (sgn(u(t, x) — u'(t, ) f(ut, ), %) — F(t,x'),x), Vi) dog(x)dt
+ fLT sgn(u(t, x) — (', x)) (divg f)(uh(t’,x’), X) (j)h dvg(x)dt

—fIu(O,x)—uh(t’,x’)lqb(O)dvg(x)+fIu(T,x)—uh(t',x’)lqb(T)dvg(x).
M M

(3.31)
Here, the term @ge(u, u"; ¥, x") is a measure of the entropy dissipation associated
with the entropy solution u. Observe that ii defined by (3.30) appears in the
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tirst term of the right-hand side of (3.31). This is due to the fact that the time
derivative of u" needs special treatment, as was observed in [15].

Analogously, reversing the role of u and ", we define

El (", u) = f f @F (u", u(t, x); t,x) dvg()dt,
Qr

where

@Zeu u(t,x);t,x)

ff |uh(t’ xX') = u(t, x)|0" 0]

+ (sgn( (¢, %) — u(t, ) (¥, %), %) = f(u(t,x),x'), VE))) dog(x')dt
+ fo sgn(u"(t', x') — u(t, x)) (div;, Fult, x),x) o dvg(x")dt

—fIuh(O,x’)—u(t,x)I(jJ(O)dvg(x’)+fIuh(T,x’)—u(t,x)lqb(T)dvg(x’).
M M

Observing that dy ps(t;t') = —0ips(t; V'), Vihe(x; x') = =Vgihe(x; 1) and adding
the terms Es(u, u") and Esc(u", u), we get the following decomposition:

E’g/e(u, u") + Ege(uh, u) = Rgle(u, u") — S’g/e(u, uh, (3.32)

where

Ry (u,u") := ff Lluh(T,x’) —u(t, )| p(t, x; T, x')dvg (x')dvg (x)dt

N foT jz\; Wt ) = u(T, )| (T, x; 1, X' )dvy (x)doy (x)dt’
_ ff f "0, x") — u(t, x)| (L, %; 0, 3 )dog (¢ )dog(x)dt
Qr vM

—ff fluh(t’,x’)—u(o,x)l P(0, x;t', x")dvs(x)dvg(x")dt’,
rJIMm

(3.33)
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and

Sy o(u, ")

=[] ] (a0 -2 ey

— |u(t, x) — u"(t', x)| @;(x'x’)> dips(t; ') dvg(x")dt dvg(x)dt

ffg fo sgn(u(t, ¥) = ' (¢, (£t 0, 0) = FOE,x),2) potit)

= (flutt, x),x') = fa(t,x),x)) it 1), Veipe(x; x)>

+ (divg Hu(t, x), x')q)h' - (divy f) Y, x), X)p )dvg(x )at' dvg(x)dt.
(3.34)
Passing to the limit as 6, — 0, we expect that Rgle(u, uh converges to

fluh(T,x)—u(T,x)I dvg(x)—fluh(O,x)—u(O,x)l dvg(x),
M M

and, if i is replaced by u and the exact differentials in time-space are used, then
the term Sh (u,u") is expected to converge to zero.

Fmally, we obtain the basic approx1mat10n inequality which is derived as a
lower bound for the term Rhle(u u).

Proposition 3.10 (Basic approximation inequality). The L' distance between the
approximate and the exact solution satisfies

f (T, x) — u(T, x)| dvg(x) < C f (0, ) = u(0, )ldvg(x) + C(1 + TV,(u)) (€ + 6)
M M

+C sup (Sgle(u, u") + Ej (u,u") + E} (", u)),

0<t<T

where the constant C > 0 may depend on T and also on the metric g, but do not depend
onh, e t,and o.

Proof. First, we write (3.33) as
Rg,e(u’ uh) =R+ Ry + Rz + Ry,

with obvious notation. For R,, we simply observe that R, > 0. To estimate R;,
we consider the following decomposition

(T, ') = u(t, )| = (T, x") = u(T,x')| = (|u"(T,x’) = (T, x')| = (T, x’) = u(T, x)])

= (1u"(T, %) = u(T, )] = |u"(T, ') = u(t, »)))
> [u'(T,x") — u(T,x)| — [u(T, x) — u(T,x)| — |u(t, x) — u(T, x)|.
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Then, using this decomposition in the expression R;, we have
R, = f f Iuh(T, x") —u(t,x)| p(t, x; T, x")dvg(x")dvg(x)dt
QJIM

z% fM (T, x') — u(T, x)ldvg(x’)

- %((c + C TV,(uo)) € + (C + C TV,(u0)) 6).
Analogously, we obtain

R3 > - E f "0, x') — u(0, )| dug(x')
2 M

- %((C +C TVg(uo)) €+ (C +C TVg(”O)) 6)’
and

Ry > - ff p(g(t’)luh(t’,x’) —u(t', x)| dvg(x")dt
Q

~2((C+ C TV o) e+ (C + C TV, (u)) o).

Hence adding all these inequalities, we get
2R3, ,) > [ ) =l ) o) = [ 100,%) = w0, ) o)
M M

_ ’ hegr o\ _ roa ’ ’
ZILpé(t)lu (', x") —ut’, x")| dog(x")dt

= 3((C + C TV(up)) € + (C+ C TV,(up)) ).

Finally, by a simple algebraic manipulation we deduce from the above
inequality that

f W' (T, ') — (T, x')| dvg(x') < A +2 ff Pt (¥, x7) — u(t’, )| dog(x)dt’,
M Q
where
_ h ’ ’ ’
A —j]\;w (0,x") —u(0,x")| dug(x’)
+3((Cu(T) + C{(T) TV,(ug)) € + (Ci(T) + CY(T) TV(uo)) 6)
+2(Sh G, u") + Eb (u, ) + Eb (u,u")).

Then, applying the Gronwall’s inequality, we get

f [ (T, x") — u(T, x')| dog(x) < 3 A.
M



102 CHAPITRE 3. ESTIMATION D’ERREUR SUR UNE VARIETE

3.4.2 Dealing with the lack of symmetry

In this subsection we estimate the lack of symmetry in the term S (u, u").

Proposition 3.11 (Estimate of S (u,u")). The following inequality holds

St (u,u") < c(1+||u0||m) M|+ C(1+ TV, (uo))( +h+€)

where the constant C > 0 may depend on T and the metric g, but do not depend on h,
€, T, and 0.

Proof. Step 1. From (3.34) we write
SZ/E(M, uh) = 51 + 52,
with obvious notation. Consider the decomposition S; = S| + S

ffo i la(t, x) — u' (', x') = lu(t, x) — u"(t, x)|)

Pe(0;x") rpos(t; V') dog(x)dt’ dvg(x)dt,

S/ = f f T f f Tlu(t,x)—uh(t’,x’)l&pb(t,‘t’)

(Felxx') = GL:2)) dog( )t dog(t.

Using (3.28),(3.29) and the definition of 7, it follows that

T
ISQISIQ Iﬁ(t,x)—u(t,x)lfgﬂe(x;x’)dvg(x’)f 0:pe(t; t)|dt dvg(x)dt
T M 0

C ~ / 4
<T 3 sup () — u(H)llrr ;) supfaK ‘fM Ye(x; x")dvg(x")dl (x)

t€[0,T] KeTh

<CT % (C+C TV (uo)).
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On the other hand, to estimate S| we integrate by parts
st == [[[[ sentt 0=t w2 puti)
Qr JJQr
(Pl x) = PL(x; X)) dvg ()t dog(x)dt

_ b s (T +
+foQT'”(T’x) W', %) po(T; ¥)
(Pl x) = PL(x; X)) dvg(x)alt’ dog(x)

SN RCER R
M Qr
(g[fe(x,' x') = PL(x; x’)) dvg(x)dt’ dvg(x)
< uit, 2| ps(t; ) [Pe(x; X7) = YL x')| dog (x)dE dovg(x)dt
fLTfQTu(x)pé( ) [Ye(x; x7) — Po(x; X7) | dog (x Ug(x
+ fofT (Iu(T,x) — uh(t’,x’)lpé(T; t') + (0, x) — u(t', )| pé(t’))

Pe(2 %) = P %) | dog ()t dog(x).

Hence, we conclude that
S71<C Z(T (C+C TVg(ug)) + M| (C + Cllugl=)).

Here, with some abuse of notation we have written 1, dv,(x’) to denote the
integration with respect to the measure u;.

Step 2. Finally, in order to estimate S, we observe that

S, :fLT fLT sgn(u(t, x) —u'(¥,x))

((Cow (it x0) = frlult, ), Viipe), + (divg P (ult, x))ipe ) ps
= ({ow (¥, ) = fol(®,2)), Vithe) + (divg (" (7))
+ {foult, ) = fo (', x)), Veere(ps - 53)
— (div, f)x/(u(t, x)(¢" = ¢)) dvg(x)dt dog(x)dt,
where o, (f:(u(t, x)) is the parallel transport of the vector f.(u(t, x)) from the

point x to x’. We use that f is a smooth vector field on M. For x € M fixed,
u € R fixed and € > 0 sufficiently small, using the Landau notation O(:) we
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write
(0w (feu) = fo(u), Vetpe(; x'))g + ( divy, £) (1, X') e(x; ')
= (v, f)x,(u) k(G x'), Vgthe(, X ))g + (tr Vi )1, x') he(x, ¥') + O(d2(x, x'))
= ((Vef), ), VoK x) el x) g + O(E),

where k(x; x’) is the tangent vector at x of the minimizing geodesic from x to x’.
Analogously, we have

(O (fe") = F", %), Veipe(x:2))g + (divg )W, 2) el x)
= (Vi f) ", x), Ve(k(x; ') e(x;x)))g + O(€?).
Now, denoting the Lipschitz (1, 1)—tensor field I as
I(t, ;¥ 2) o= (Vi Fy J(u(t, x), u' (¢, ),

we have |5, < [S)]| +1S)[ + O(e), where

S, = f f f f <I(t, X, %), Vo ki x') e(x; x’))>g Ps dvg(x')dt dv(x)dt,
Sé’ = fo fL sgn(u - I/lh)(<fx'(u(tr X)) - fx’(uh(t// X')), Vg¢e>g(ﬁ6 - p~:‘>)

— (div f)x,(u(t, x))(¢" = @) dvg(x)dt dog(x)dt.

The term S} is estimated as the final step of item 2, we focus on S/, term.
Applying the Gauss-Green formula with respect to the x variable, it follows
that

f f f f (It 25, %), Vo (k(x; ') ¢€(x;x’))>gﬁ5dvg(x’)dt’dvg(x)dt:0.

Therefore, subtracting the above expressions from S/, we obtain
1S5 < C T (C+C TVy(uo))e,

where, we have used the fact that, due to the compactness of M and the
regularity of the flux function, the function V,f(u, x) is uniformly Lipschitz
continuous for u in a compact set. Combining this result with the estimation
of 57, that is

E(C+ C TV (u) + 2(C + gl M),

we complete the proof of the proposition. m|

Sy1<CT(
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3.4.3 Entropy production for the exact solution

We now consider the approximate entropy dissipation associated with the exact
solution.

Proposition 3.12 (Estimate of the quantity E (u,u")). The following inequality
holds /

h
El(u,u") < C Mg (1 + lluglli=) + C (1 + TV, (o)) N
where C > 0 may depend on T and the metric g, but do not depend on h, €, T, and 6.

Proof. 1. For each c € R and in the sense of distributions we have
U (u(t, x), c) + divg Fo(u(t, x), c) + sgn(u(t, x) — c)(div, f)(c,x) < 0.

Now, we set ¢ = u"(t',x’) for each (¥, x’) € [0, T] X M fixed. Since u is an entropy
solution to (3.1), forn =0,1,..., we have

L (Ut 2),u" (¥, x')) = Ulult, 2), 1", ) Jpe (x5 X )dvg (x)
- [ Bttt 0,0,V i oo

+f f sgn(it,x) - (¢, X )(divg )¢, x'), %) Yol ¥) dog(x)dt < 0.
tn M

2. Next, we multiply this inequality by ps(t;t') = ps(ts+1;t’) and summing
the first term in time, it follows that

_z fM Uu(t, ), )Pt ) = ot ) el ¥ Moy (2)
- f QT<F <t ), u"), Ve (06 X')) po(t; ) dug (x)dt
+ f f T sgn(u(t, x) — u")(divg £)(U") Ye(; X)) ps(t; ') dvg(x)dt
* fM U(u(T, x), u")ps(T; £ )ipe(x; X' )y ()

= [ 000,155 oy2) < 0
M

By the definition (3.30) of i we have the identity
f Ut x), ") (P (busr ') = poltus ) e (3 Xl (x)
M

= f : f U(ii(t, x), u")dsps (t; ¥ Ype(x; x') dvg(x)dt.
by M
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Therefore, E} (u,u") is bounded above by

ff , ff Tu(”(t ,%), U ps (1)

(¢€(x; x') = Pe(x; % )) dvg(x)dt dvg(x")dt’ .
3. By integrating by parts the above equation with respect to t, it follows

that
I:= ff ff U(ii(t, x), u")dps(t; t’)(t/ie—tf)e)dvg(x)dt dv(x")dt
nr—1
Y fQ (U, 0), ) = Ulutts, 2),10) (b — o)
n=0 T
Pi(tust; )d0g ()it dog(x)

f f fQ U(T, x),u") (e = Pe)po(T; t') dvg(x)dt’ dog(x)

f f f U(w(0, %), u")(Pe — e )ps(t') dvg(x)alt’ dog(x),
and thus

I< lut] ps(tuar; V') [Pe(x; X7) — Pe(x; X )dvg (x)dE dvg(x)
[ e o

fM [, fQ 0T, ) = 1 (E, ¥)lps(T3 ) + [u(0, %) — (€', % )lpo(t")).
[Ye(x; x7) — ybe(x, X" dvg(x")dt’ dvg(x)

<C Z(T (C+C TVg(uo)) + Mg (C + C llullz=))-

3.5 Entropy production for the approximate solu-
tions

It remains to control the approximate entropy dissipation form for the approx-

imate solution.

Proposition 3.13 (Estimate of the quantity Eg/e(uh,u)). The following inequality
holds

L o) <C (1 + ) (2 + 1+ e)IMIg

+C(1+ ||uo||Lz(M;g)) =
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where C > 0 may depend on T and the metric g, but do not depend on h, €, T, and 6.

Once this estimate is established we can complete the proof of the main
theorem, as follows.

Proof of Theorem 3.3. 1. First, by (4.17) there exists y; > 0, such that 7 < y; h.
Moreover, without loss of generality we can take 6 = €. Therefore, combining
Propositions 3.10-3.13 together and denoting

Ao(T) = C(1+lluolle=),  A(T) := C(1 + TV, (uo)
Ay(T) := C(l + ||u0||L2(M;g))/
we obtain
C
l|u"(T) - u(Mllprvizg) < ) (L_1 et +2 L+ L 6),

where
Ly = Ao(T) IMlg ht + A(T) b + Ay(T) IMI;? 172,

Lo := Ao(T) Mg h + 11" (0) - u(0)llz avisg)
Ly := Ao(T) Ml + Ay(T).

Then, minimizing with respect to €, we obtain

|u"(T) - u(Mllparg < C ( VL Ly + Lo)-
2. Next, proceeding as in the proof of Lemma 3.7 and by (3.9), that is,
u"(0,x) = u%, we have

10— ol < f f 10(2) — 11020y (2) dog(x)
MJK
< ”VguOHLl(M;g) h= TVg(uQ) h.

Consequently, it follows that
||Mh(T) - M(T)”U(M;g)
< (Ao(D)IMils + A(T)) C h

+ (AuDIME? + (A(D) A(D) ) € 1M 1172

+((AD) AD) MY + (AT Ax(D) ) C 1M 1,

which completes the proof of Theorem 3.3. O
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Proof of Proposition 3.13. 1. Fix K € 7" and e € JK. For (t,x) € [0, T] x M fixed,
we set ¢ = u(t,x) and u"(t',x') = ut, for (t',x’) € [t;, ¢/ ) XM, (n=0,1,...) and
we define

JL () = f Vel ) AL ().

Therefore, by Definition 3.29 and analogously to Lemma 3.8, it follows that

Jio) = Y, 2 0,

ee&K

[ 10t - g desw < 2,
M

where the positive constant C does not depend on /1, e > 0. Now, we write the
local entropy inequality (3.25) for K and, since it is also valid for K,, we obtain
respectively
K K
(€)= Ut 0) {0 = Pttt 0)  SIDE,

K K,
u(LI ugt,c) - U(uﬁe,c)) + T(FE,KE(MI'QE,MI’Q, ¢) = Fex, (uf , uf ,c)) < uDI”{“i

€ €

We sum the two above inequalities and from (3.22) and (3.23), we obtain

U (L0 - UGy, o)

(Ut o) — Uy, o)) +

€

+ Tf(Fyl(u%, c) = Fy(ug, ¢),n x(y'))e dlo(y") (3.35)
|K| Dn+1 |K |D1’l+1
PK Px.

2. We multiply inequality (3.35) by le| ¢, and sum over all ¢ € JK and
K e T

| | n T n T
Z U(qul,c) lel ¥, — E K| U(uy, c) Y
eeaK KeJh
KeT"

. f (Ey 1 0), Mo (1 Vg BLu(6 ) dT(Y) (336

KeTh

K] .
< Z _l |¢ee DK-:’l’

ee&K
KeT"
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where we have used

IKel Kl -
Z u( K-:tl?’ )#}ee Z u( K-Ellc) lnbe,e/

ee&K eeaK
KeT" KeJ"
|Ke| = K| N
UGy, 0) Pl = Y, UG, 0) ¥,
ecdK Pk ecdKKeT" Pk
KeT"

and

Y fE G ol )

e€dK
KeT"

-y fw (12, 0), 1 (Y ))g B, AT (/).

Since u%™! is a convex combination of u”Jrl and the Kruzkov’s entropy U is
convex, we have by Jensen’s inequality

Z K] U@ ¢ < Z K| H U(ui) .

KeJh ecdK
KeTh

Therefore, from (3.36) we obtain

3 KU, ) = U, 0) F =7 Y, [ Pl 0 meay Dy el )

KeTh KeTh

< ¥ Sl opte Y Bl o o (7 )

EEBK ee3K

KeT" KeT"

w0 Y OB 0 s (205550 = s ) AT ),
ecdK
KeJ"

(3.37)

W

. Applying Gauss-Green'’s formula it follows that

8K<F (g, €), ek (V) g Ye(x; YY) dT o (y')

:ﬁ(divéPx/)(uﬁ,c)we(x;x’) dvg(x’)+L(Fx/(uﬁ,c),Véybe(x;x’))g dvg(x).
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Then, from (3.37) we deduce that

Z|1<| U(u™, c) - Ulul, o) g — f " fM (Fo(u'(t', '), €), Viipe(2;X'))g dvg(x')

KeTh
_ fn+1 f (diVig Fx’)(uh(t', x'), C)pe(x; x) dug(x')
< X ol D Y el st o) (5 - dL,)

eeaK ee&K
KeTh KeT*
f ””Z (Fy (1, ©), ey Vg (P2 = Pl ) AT ().
th ecoK V¢
KeJ"

By algebraic manipulation, we see that the expression

Y IKI(U@E, o) - UG, o) 9,

KeTh

t,+
— f 1 f Fe (1), 0), Vel ) dog(o )t
¢ M

+jt; Lsgn(uh(t’,x')—c)(divéf)(c,x')¢e(x;x/) dog(x')dt

is bounded above by

< f N f sgn(u"(t', x) - c) (divéf )(uh(t’,x’),x’)¢6(x;X') dvg(x')dt
o Y el D+ Y el U o (9 - %)

eez?K ee&K
Ke‘.]"’ KeT"
f Y, (<o) mox(y s (§,05%) = 9 ) T
tn ecdK V¢
KeT"

Now, we multiply this inequality by p;(¢;t') = ps(t;t/,,) and summing with
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respect to time variable, i.e. t', we obtain that the expression

nr—1
-7 [ttt ot = i) G o)
- f EE 20,0, Vg i) do )
+ f f sgn(u'(t',x') = ¢) ((div} f)(c, ¥ )e(x; X') pi(t;t') dvg(x)dt
+f UW"(T,x'), c)ps(t; T) PL(x; x') dog(x”)
M
- | U2, 0p50) G653 oyt

is bounded above by

< fLT sgn (uh(t,,X') - C) (diVé f)(uh(t’,x'), XVe(a;X7) Pt 1) dog(x')dt’
nr—1

+Y Z oo lel 9L, pitt) D!

n=0 eeaK
KeTh

nrl

X Y Moo (9 - 92 )

n=0 eeaK
KeT"

f ZPKH CF 165, ©) i Do D) = 9l ) pitit) Ay )t
0eedk
KeT"

4. Following the lines of proof of Proposition 3.12, we can also derive the
identity

| st puti )2t o )

t) 1
:f fl,l(uh(t’,x'),c) v ps(t ) PL(x; x') dog(x')dt
g JuM
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Then, the term E} (4", u) is bounded above by

HT 1
f f e 9%, D ey
T n=0 eeaK

KeJ"
nr— 1
e [0 X S o (5 - 92) s avcoa
T n=0 eeaK

KeT"

* foT L(W(T, xX') = u(t, x)|ps(t; T) + [u"(0, x) — ut, x)| pé(t))
e %) = Px; x| dog(x') dog(x)dt

f f f 2. f divy f)(u, x') = (divy £, )|

KeT
P55 1) Ye(x; x7) dog(x')dt’ dog(x)dt

+fLTfo Zf [y (1, ©) = 0 (Fy g, )|

Keﬂ'h
V(X)) = Ve y )I (1) dUo(y")dt' dvg(x)dt

(3.38)

5. We write (3.38) as E; + E, + E5 + E4 + E5s with obvious notation. In order
to estimate E; we recall that

D;l(;l - (uz;llc) u(uIn(-;l’ )/
and
ug — gt = -t f (diV;, f)(uI”(, x")dvg(x').
K

Therefore, since U is convex from Aleksandrov’s theorem it has second deriva-
tive a.e. (see [21]), and we can write

Dyt =1 (= d, Ui, o) fK (div, £), ©') dog(x') + O(x)).

Then, we have

E < d1vg )i, x') = (divy f) ik, )| i P dog(x )t
Qr

KeT
+CT M (1 + ||uo||Lm) T

< C' T Mg (1 + lluglle=) (7 + ),
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where we have used the fact that for every compact K the function Vg( div, f )
is uniformly bounded in K X M. Now to estimate E,, we observe that

nr— 1

ZZ'—HU( v1,0) (§ - ) = 0

n=0 eeaK
KeT"

Moreover, from [2] we recall the uniform bound

nr— 1

Kl et e
D 2 Vel ! = < ol + C”

n=0 eeaK
KeT"

for some the constant C”” > 0.
Hence, we have

nr—1
B= [[ (XX, Sl (e - v, )
(97 - 9L,) piy(t:t))dog ()t

nT—l
K
<L bl -
~ &4 px

¢€ Bbe e dvg (x)

where we have used (4.17). Applying Cauchy-Schwartz’s inequality, we obtain

nr— 1
IK| 2 \1/2
E,<c (T MY Y Z o el i - [ 1)
n=0 ee&K
KeT"

1/2 hi/2 1/2
< C V71 (T 1M — (ol ) + C(T))
hl
< o1+ luollizgsg) — IMI™.

The terms E; and E, are estimated in the same way that we have already done,
that is

h
Es < CIMl(1 + luolle) =,

Es < CT Mlg(1+ lluoll) €.
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Finally, we estimate the last term, that is

E5:fo fOTlel IKIf |p (ul, ) — y(uK,C)l
T KeTh

V(X)) = Ve y )I (1) dUo(y")dt' dvg(x)dt

h
< CTIMI(1 + lluollee) =,

where we have used the condition (3.8). O



Chapitre 4

Version relativiste de 1’équation de
Burgers®

The relativistic version of Burgers equation

41 Introduction

We consider scalar, hyperbolic balance laws posed on an (N + 1)-dimensional
curved spacetime (M, w) endowed with a volume form,

div*(T(v)) = S(v), (4.1)

whose unknown function is the scalar field v : M — R and where div* denotes
the divergence operator associated with w. The given vector field T = T(v) is
defined on the manifold M, and depends upon v as a parameter. The manifold
(with boundary) M is assumed to be foliated by hypersurfaces, that is,

M:Um, (4.2)

such that each slice H; is an N-dimensional manifold endowed with a normal
1-form field N; and has the same topology as the initial slice Hy. Global hyper-
bolicity of the spacetime and the equation (4.1) is ensured by assuming that the
function

v T(v) := (N;, T(v)) is strictly increasing. (4.3)

Furthermore, the right-hand side S = S(v) of (4.1) is a given scalar field defined
on M and depending upon v as a parameter.

In this paper, we investigate the class of hyperbolic equations (4.1)-(4.3)
which should be viewed as a simplified model for the dynamics of relativistic

“En collaboration avec P. G. LeFloch.
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compressible fluids. Specifically, our first aim below will be to impose that (4.1)
satisfies the Lorentz invariance property satisfied by relativistic compressible
fluids, and identify a unique (up to normalization) balance law which could be
viewed as a relativistic generalization to the classical Burgers equation known
as a simplified model of non-relativistic fluids. In short, we may refer to our
new equation as the relativistic version of Burgers equation, especially we will
see that the non-relativistic version is recovered when the light speed converges
to infinity.

We will see that, for a suitable choice of the vector field T(v), the balance
law (4.1) exhibits many of the mathematical properties (hyperbolicity, genuine
nonlinearity, stationary solutions) and the challenging difficulties (shock wave,
long-time asymptotics) encountered with the full Euler system of compressible
fluids. Important, in the context of hyperbolic equations posed on a curved
background, the proposed model provides a good set-up to develop, test, and
compare together, shock-capturing methods of numerical approximation.

In a second part of this paper, we introduce a finite volume scheme for
the approximation of weak solutions to general balance laws (4.1), which we
then apply to our relativistic version of Burgers equation. By construction, the
proposed scheme is fully consistent with the divergence form of the equation
and therefore applies to weak solutions containing, for instance, propagating
shock waves. Numerical experiments are presented with various choices of
flux field and volume forms, and demonstrate the convergence of the proposed
tinite volume scheme, and its relevance for computing long-time asymptotics
of (possibly discontinuous) solutions in a curved background.

4.2 The relativistic generalization of Burgers equa-
tion

4.2.1 Derivation of a Lorentz invariant model

In this section, we search for flux fields T(v) for which solutions to the equation
(4.1) satisfy a Lorentz invariant property similar to the one satisfied by rela-
tivistic fluids. Without loss of generality and in order to simplify the derivation
we now assume that N = 1, S(v) = 0, and that the manifold M = [0, +o0) X R
covered by a single coordinate chart (x%, x') with w = dx%x!, so that (4.1) takes
the form of a conservation law

8OTO(v) + (91T1(v) =0,

with dy = 9/9x" and d; = d/dx!. In addition, in the present section, we also
assume that the functions T° = T°(v) and T' = T'(v) are independent of (x°, x?).
The general geometric set-up will be discussed later in Section 4.3.
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Recall that the Lorentz transformations (x°, x!) (EO, ?1) is defined by

X = ye(V) (20 = 2Vxh),

_ 44
X = Ve(V) (=V 2% +x1), Ye(V) = (1 € VZ) 1/2, (4

where € € (—1,1) denotes the inverse of the (normalized) speed of light,
and y.(V) is the so-called Lorentz factor associated with a given speed V €
(=1/€,1/e). These equations can be inverted to give

20 =y (V) @ +€VT),

=y (V) (VR +X).

Instead of V, it is often convenient to use the modified velocity U € R defined

by

12
1+ eV)

L=y (V)1 +eV) = (1—€V

. . . —0 —1
and to rewrite the Lorentz transformations in the more compact formx” + ex =
e*! (x" £ e x') or, equivalently,

X’ = cosh(el) x° — e sinh(eU) x*,

(4.5)
X = —% sinh(el) x° + cosh(el) !,

where
cosh(el) = y.(V), sinh(el) =€V y.(V).

Recall that Lorentz transformations (together with spatial rotations if N > 2)
form the so-called Lorentz group of all isometries characterized by the condition
that the length element of the Minkowski metric is preserved, that is,

—e2(@)? + ()% = —e 2 (%)% + (x1)%

Recall also that the relativistic Euler equations of compressible fluids are in-
variant under Lorentz transformations (4.4). More precisely, given a speed V,
the fluid velocity component v in the coordinate system (x°, x') is related to the
component v in the coordinates (io,fl) thanks to the Lorentz transformations
(4.4) which yields

— v=-V

v = T— v (4.6)
Clearly, in the non-relativistic limit, corresponding to € — 0, one recovers the
Galilean transformations (with now V describing R)

=2, ¥=-Vx’+x!, 5=v-V  whene=0. (4.7)
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Theorem 4.1 (The relativistic version of Burgers equation). The conservation law
A T°(v) + 1T (v) = 0, (4.8)

is invariant under Lorentz transformations if and only if after suitable normalization
(discussed below) one has

v 1 1
ros e TotdmEm) w

where the scalar field v takes its value in (—1/€,1/e).

Proof. The proof is done in three steps.
Step 1. Changing coordinates and construction of H.(v).

Considering the conservation law (4.8) in (x°, x!) coordinates, we have by
Lorentz transformations

9_}0 -1 (V) ﬁ I (V)
X' \1_e 2 = VeV ol \1_eve: yelVs
o' 2V ) ox' 1
AR CAL TI ¥ Rty s R L

An application of Chain rule gives

_ 9T 9T09x" 9T9% 9T’ IT°

' =——=""+—-—=—y—-—V,
JT' _9T'ox" IJT'ox JT! JT!
1:—:—— ——:—Z—V —_— Y.
M=o T waa tman T @V
Then substituting these in main equation, it follows that
0=0yT° +T = d(y T’ =y VT +h(-Vy T  +yTh), (4.10)
Y Y )4 )4

which has the same structure as (4.8) in (EO, Yl) coordinates if

)4 (To(v) — eV Tl(z))) = TO(%) + Cy, @1
y(-VT'@) + T'@)) = Tl(%) + G, '

is satisfied, which is the desired invariance property. In the rest of proof the
exact forms of T° and T"! are studied.

We start by normalizing the fluxes so that T°(0) = T%(0) = 0, and that the
constants C; = —=T°(-V), C, = —T*(-V) depending upon V. Next multiplying
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the second equation of (4.11) by +e and summing with the first one, it follows
that

v-V )

yAFEVI* eTH) = (T e T (1

— (T + e TH(-V).

Next assigning (T° + € T') =: H,, the last equation is rewritten by

H.(0) = 1i€V( (1U—V

1¥eV 2 W) - Hi(—V)). (4.12)

Step 2. Defining u, ¢.(u) et ¢.(U) to establish a general formulation.

We define
1 1+ev
"= 2_€1n(1 — ev)’ Pe(u) :=v, ¢(U) =V
so that
1 e 1 _ 1 eZe(u—U) -1 1+eV ol
€€2€”+1 (Pe(u) v_gm :(Pe(u_u)/ 1+eV =e .

By inserting these in (4.12), it follows that

H.(¢e()) = He(6e(0) = e*U(Ho (el - U)) - Ha(9e(-1D))).  (4.13)

Step 3. Derivation of (4.13) and obtaining T° and T".

To avoid abuse of notation, we take H, ¢, ¢! instead of H., ¢, e*Y, respec-
tively. We derive (4.13) with respect to u

H' ()’ () = e H' (9w — L))’ (ue - L),

and with respect to U

H (o = U))(¢'(u = L)) = eH (0w = WD) (u = U) = ¢ (= DM (e = D).
Finally letting U = 0 it follows that

H(9)(¢' @) = eH () (u) — ¢ () (6(w)
We define K(u) := H (qbe(u)) and substitute in previous equation to obtain

K" (u) = eK'(u),
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which has the solution

€U
e

K(u) =c— +¢, c and ¢ are constants.

€
It follows that

€U —€U

Hoow) ==+,  H(pw)=e"
€

+ 0,

where ¢y, ¢y, ¢ and ¢ are constants. We can choose these constants so that

eren _ 1

*€

Hi(¢(u)) =

Recalling from Step1 that H, = T° + €T" with Hi((p(u)) = H.(v), then

H, +H_ H,-H_
0+ = Tl_=* -
d 2 7 2¢
from which we can deduce
T'(v) = TO((p(u)) = e = 1sinh(eu) = u + O(e*u?)
2¢ € ’
1 _ 1 _€€u+€_€u—2_1 _uZ 24
T'(0) = T'(¢p(u)) = —a— = g(cosh(eu) -1) = - +O0@Eu?).

Observe that T’ and T! are linear and quadratic, respectively, and that, in
the limiting case € — 0, one obtains the inviscid Burger equation. Moreover,

substituting u = 5-In (“ev) in TO((p(u)) and T! ((p(u)) one gets

1-€v

T(v) = T!(v) = é(; - 1),

v
Vl—e2vzl V1 — €202

which is the desired result.

4.2.2 Hyperbolicity and convexity properties

In the following theorem, we propose an equivalent version of conservation
law (4.8) satisfying certain properties in the relativistic and non-relativistic
cases.

Theorem 4.2 (Properties of the relativistic Burgers equation).

1. Themapw = T°(v) = V=3 € Risincreasing and one-to-one from (—1/e,1/€)
onto R.
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2. In terms of the new unknown w € R, the equation (4.8) is equivalent to
8ow + 81f€(w) = O,

felw) = é( + V1+euw? - 1), (4.14)

where the flux f. is strictly convex, (or strictly concave), and, therefore, the
conservation law (4.8) is genuinely nonlinear in the sense that

d,T'(v) _
2,T0(v)

du fe(w)

is strictly increasing (decreasing) in the variable T°(v).
3. In the non-relativistic limit € — 0, one recovers the inviscid Burger equation
dou + d1(1%/2) = 0, (4.15)
where u € R.

The proposed equation (4.14) retains several key features of the relativistic
Euler equations:

e Like the conservation of mass-energy in the Euler system, (4.14) has a
conservative form.

e Like the velocity component in the Euler system, our unknown v is con-
strained to lie in the interval (-1/¢,1/€) limited by the (inverse of the)
light speed parameter.

e Like the Euler system, by sending the light speed to infinity one recovers
the classical (non-relativistic) model.

Proof. 1. We derive w = T°(v) = 7= € R with respect to v

1

0 _
Tv(v) - (1 _ €202)3/2

>0, ve(-1/e1/e),

so that T°(v) is increasing and one-to-one from (-1/¢,1/€) onto R.

[

V1-e202’

w

Vi1+e2w?

2. Applying a change of variable w := one obtains v = + and

substituting in (4.8), it follows that
8ow + 81fe(w) =0,

where

fe(w) = 61—2( + V1 +e2uw? — 1).
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To see that the flux function is strictly convex we derive it twice with respect
to w such that

w 1/ (w) —_ 1

Vivew O Lxewyn

which is the desired result. On the other hand we have

fi(w) = >0,

1
(1 — e20?)3/2

[

9,T'(v) = A= czoryr’

2,T°(v) =

so that 1
3,T' (v w ,
0( ) =v=——— = fl(w).
2, T°(v) V1 + e2w?
Next since derivative f!'(w) of f!(w) is strictly positive, we conclude that f(w)
is strictly increasing in variable T°(v). Analogously, if the flux is strictly concave

one obtains the desired results.

3. Recall that we can write T°(v) and T'(v) in the variable of u so that
0 L. 2.3 1 1 u? 2 4
T (v) = - sinh(eu) = u + O(e“u’), T (v) = g(cosh(eu) — 1) =5 + O(e“u”).

Observe that if € is sufficiently close to 0, one obtains the standard inviscid
Burgers equation (4.15).

4.2.3 The non-relativistic case
Recall that the Galilean transformations (x°, x!) - (x°,%') is defined by

X =x ¥ =x -V
Moreover, given a speed V (describing RR), the velocity component v in the
coordinate system (x°,x') is related to the component v in the coordinates
(EO, El) given by

v=ov-V.

Note that one recovers the Galilean transformations by relativistic case with
€ — 0.

The following theorem shows the invariance property of the given conser-
vation law with the exact forms of flux functions. We will see that the Burgers
equation in non-relativistic case satisfies this property.
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Theorem 4.3 (A derivation of the (non-relativistic) Burgers equation). The con-
servation law
20T°(v) + T (v) = 0, (4.16)

is invariant under Galilean transformations if and only if the flux functions T° and T*
are linear and quadratic, respectively. In particular, if T°(v) = v, then after a suitable
normalization one gets T'(v) = v?/2.

Proof. It follows by Galilean transformations that

oxt 7 ox0 axt 7 ox0 T dv
By using the Chain rule

oT'ox" oT'9x' 9T’ _ OT° . oT!
o a0 g Vom M AT

AT’ =
and substituting in (4.16), it follows that
T°@+ V) +04(T' @+ V) - VI°@ + V)) = 0.
Thus it has the same structure as (4.16) if
T'@+V)=T") + Cy,
Tlii + V; -~ V";Ozﬁ + 11/) =T'@) + C,, 417)

where C; and C, are constants depending upon V. Next we derive the first
equation of (4.17) with respect to v

TY(0 + V) = T(D),

by which we conclude that T? is periodic of period V. As a result, T° is a linear
function for arbitrary V, which is of the form

T°(v) = Cv + C,

for some constants C and C.
On the other hand multiplying the first equation of (4.17) by V and then
adding to the second one, we get

T'@+V)=T'@®) +VT'@®) + VCy + C,.

Next using the fact that T° is a linear function given as above, and deriving
twice the given equation with respect to v, it follows that

T'@+V)-T' @) =CVo+VC+VC; +Cy,

Ti(w+ V) -Ti(v) - CV =0,

T:(0+V)-T:(0) =0.
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Therefore Tz_l)z_) is periodic of period V which implies that the first derivative Tzl) is
linear for arbitrary V. Since the derivative of quadratic functions is linear, as a
result we conclude that T" is quadratic, which is the desired result. In particular
case, one obtains the Burgers equations with T°(v) = v and T*(v) = v?/2.

O

4.3 The effect of the geometry

4.3.1 General hyperbolic balance laws

For simplicity in the presentation, we assume that the spacetime and the con-
servation law under consideration admit symmetries that allow for a reduction
to dimension 1 + 1. The generalization to arbitrary dimensions is straightfor-
ward. We assume that the manifold is described by a single chart and, after
identification, we set M = R, X R. In coordinates (x°, x!) with d,, := d/dx® (with
a =0, 1), the hyperbolic balance laws under consideration reads

do(@ T*(v)) + 91 (w T @) = w S(v), (4.18)

where v : M — R is the unknown function and T* = T%(v) and S = S(v) are
prescribed (flux and source) fields on M, while w = w(x) is a positive weight-
function. This equation is hyperbolic in the direction d/dx' provided

d,T°(v) > 0, (4.19)

which we always assume from now on.
Note that the above balance law can be rewritten in the form

9o + 01 f(v) = S(v), (4.20)
with
9o f(v) = gggz; Q:=lno, o
S(v) == %T#O(v) (5@ - Q) - QT (0)). '

However, one should keep in mind that (4.18) is the geometric form of this
equation: it should be (and will be) preferred for the numerical discretization.

For instance, when S = 0, then (4.18) is a genuine conservation law, while (4.20)
does not retain the conservation form.

4.3.2 Derivation of a covariant scalar model

We consider the general conservation law

V,T*(0) =0 inM, (4.22)
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where v : M — R is an unknown scalar filed, and T is a prescribed vector field
depending on v as a parameter.
We impose that T* is a unit spacelike vector field, that is

Sap T (0) TP (v) = 1. (4.23)

For instance, if (M, g) is the (1+1)-Minkovski spacetime in standard coordinates
(x%, x') = (¢, x), then
g =—€2dtf* +dx*

and
—?T'0)* + T'(v)* = 1.

It follows that
(o) = (€22 +1) " = £ e 2TO@P + 1.
Next by setting z := T°(v) we find the evolution equation

01z + 8X<C + Ve 222 + 1) =0

where the constant C was added for convenience. Observe that if we apply a
change of variable z = €?w to the above equation, then after a normalization,
one can recover

(—1i €2w2+1):0’

81}@0 + 8x 5
€

which is equivalent to the proposed equation (4.14).

4.3.3 Stationary solutions
We first consider (4.14) with a weight function w such that
80((4) ZU) + 81((4) fg(ZU)) =0,

fe(w) = é( -1+ m) (4.24)

where w € R and the weight function @ = w(x!) does not depends on time.
Then considering the following item

(@ fe(w)) =0

and recalling that f, is strictly convex, (or strictly concave), we find

@ fe(w) =c and fe_l(%) =w,
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where c is constant. It follows that

c 2 c c w(x?)
= ——€2+2 =+ 242 ,

xl)) \/wz(xl)e o) o V€ c

Ue(xl) _fe+( (xl)

This result lets us to conclude the following proposition.

H

£

and we denote

) (4.25)

Proposition 4.4 (Stationary solutions). The stationary solutions for the model (4.24)

are described by
c w(x)
Te(x) = +a)( 3 €2 +2 —

where € > 0, w(x') is given and c is constant.

4.3.4 Relativistic zero-pressure Euler Equations

Recall the relativistic Euler equation

+pc? 2 v
ao(p C2p 22 + p) + 81((;9 + ‘OCZ) 2 ) = 0,

2
) + 81((;9 + pc )

2

o0((p + pe) —+p)=0,

where p, p,u and c denote the pressure, density, velocity and light speed, re-
spectively. The relativistic zero-pressure Euler equations is then recovered by
substituting p = 0 so that

Wztg)+ ailg=p) =0
2
(90( e vz) 81(C2pvvz)=0.

We suppose now that c = 1/e and p as a constant so that (4.26) is rewritten by

1 v
i)+ i) =0
1 — €292 1 622 0?2 (4.27)

ao(ﬁ) - 81(1 —062 02) =0

Next applying a change of variable

(4.26)

-1+ V1 +4e222

2¢2z

v
z= T such that v =10,
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and substituting these in the second equation of (4.27), we get

-1+ V1+ 46222)

2 €2

80 zZ+ 0, ( =0. (428)

We recall now the proposed relativistic Burger equation (4.14)

-1+ V1 +<—:2w2)

62

BOw + 81(

One can observe that these two equations (4.14) and (4.28) are equivalent up to
a constant factor.

4.4 Well-balanced finite volume approximation

441 Geometric formulation

We assume that the (1 + 1)-dimensional curved spacetime (M, w) is globally
hyperbolic, in the sense that there exists a foliation of M by spacelike, compact,
oriented hypersurfaces H;, (t € R) such that

M:Um,

where each slice has the topology of R. We assume that M is foliated by these
slices.

Let 7" = Uxeq K be a triangulation of the manifold M, which is made of
(compact) spacetime elements K and satisfies the following conditions:

e The boundary JK of an element K is piecewise smooth dK = |,k e and
contains exactly two spacelike faces, denoted by ¢; and ¢, and “timelike”
elements

e’ € K := 9K \ {e;g, 31_<}-

e The intersection K N K’ of two distinct elements K, K’ is a common face of
K K'.

e |K| and ez, lexl, |e°| represent the measures of K and €xr€xs ¢, respectively.

We introduce the finite volume method by formally averaging the balanced
law (4.18) over each element K € T" of the triangulation, by integrating in space
and time

f@@ﬂwzfqu@wwb
K K
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which is equal to

(@S)dV oy = f (@T°)dV, — f (@TO)dV, + Z (@THdV,,
& & 0

K ek v'¢

and after arranging the terms

f (@TO)dV, = f (@T")dV, - Z (@THAVe + | (wS)dVg.

0
ek Ve @K

Given the averaged values vy along ¢, and vy ~along e’ € d°K, we need an
[

approximation vy of the average value of the solution along e;. To this end, we
introduce the approximations

f T4V, ~ |el‘<|i;<(v;<), ﬁTldVeO ~ |60|17/'K,eo(vl_<’ UI_Q,O)'
-

K e
and
f SdVx ~ |0°K]| Sy,
K

where
0

T,(0) := % f T'(0)dV,,  S.(v) ::% f S(v)dV,,

and to each element K, and each element ¢° € d°K we associate a locally Lip-
schitz numerical flux function gg» : R> — R satisfying certain assumptions
(consistency, conservation and monotonicity properties). Moreover, the aver-
aged values of w are given by

f wdV, = Wet, f wdV, = We, fdeeo = wy, f wdV g = wyk.
et ey 0 K

K K

Hence, in view of the above approximation formulas we may write the
tinite volume method of interest, as a discrete approximation of

—0 _ =0 _ L — _
e |t T, (08) = werlexI T, (00) = ) e lwardieo (0%, 0k ) + @ald"KI Sonxc (o).
eVed'K

(4.29)

Moreover, for the stability of this scheme, we impose the following CFL
condition

Ax’ (TY) (v)

Aol s1(1)p |(T0)'(v)| <1 (4.30)
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4.4.2 Formulation in local coordinates

We choose local coordinate on M. Then on this coordinate we choose a
triangulation cartesian such that we divide space into equally spaced cells
Ji = (x}_1 127 x} +1/2) Of size Ax!, centered at x} and consider each element K € M
so that it is composed of space-time cells, i.e.

— _ (40 0 1 1
Kij:=Iix Jj = (x;, xj1) X (xj—1/2/ xj+1/2)'

Then the finite volume approximation in local coordinates will be of the form

w;jTiv1; = wi;Tij— A(a)z‘,j+1/2 Jij+1/2 — Wij-1/2 qz',j—1/2) + a)K,./jIAxOI Sij (4.31)

Where /\ = AXO/Axll Ti,j = T(’Uilj) = T(U;) and gi,]‘ = g(vi,]‘) — g(’v;)

4.4.3 Numerical experiments

We finalize this study with numerical results. We consider the relativistic
version of the scalar Burgers equation (4.8)—(4.9). From the proof of the main
theorem we recall that the flux functions can be rewritten after a change of

variable u = - In (“Ev) by

1-€v

T°(v) = To(qi)(u)) = %sinh(eu),

T'(0) = T(¢(w)) = é(cosh(eu) - 1),

where u € R. In the following numerical experiments, we will observe the
convergence of the proposed scheme (4.31) for this model. We suppose that
the source term vanishes, i.e. S = 0.

Moreover we will be interested in the choice of the smooth function

w(xh) = xt(x! = 2m),

where m represents a “mass” parameter.

Remarks for numerical tests

Let uy = 0.9 sin(x) be the initial value. Note that x = x!. Since w = x(x —2m), we
will examine our scheme with different values of mass m, and, in particular, we
will be interested in behavior of the scheme for the interval x > 2m. One can
observe by the following numerical experiments that the figures are similar in
the mentioned interval for different values of m. It can be also observed that
the points x = 2m are the critical points containing shock waves. We first fix
the interval (0,4m). We divide it in equal subintervals AX so that if we denote
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by J the total number of points in this interval, then each subinterval will be
AX = 4mn/ ]J. In the following tests we fix ] = 100. Moreover, N, AT and CFL
denote the number of iterations, the time difference between two iterations and
the Courant-Friedrichs-Lewy number, respectively.

In the first three experiments (see Fig 4.1, 4.2, 4.3), we fix € = 0.9 for interval
(0,47) and we observe the scheme for different values of mass, (m = 0,1, 2).
Then in Fig 4.4-4.5, we fix m = 1 and we observe the difference between two
tigures by changing € in the interval (2m, 8m), that is, we are interested in the
case that x > 2m. For instance, for m = 1 we have the interval (2, 87). We repeat
this procedure for m = 2,3, 4 (see Fig 4.6-4.10). One observes that after some
number of iterations in the interval x > 2m, if we fix an €, we have almost
the same figures for different values of m, which shows the convergence of the
proposed scheme.
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Figure4.1: m =0, =09

J =100, N = 1, AT = 0.08, AX = 0.12693, CFL = 0.56716 J=100, N = 10, AT = 0.08, AX = 0.12693, CFL = 0.56716
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Figure4.2: m=1,e =09

J =100, N =1, AT =0.08, AX = 0.12693, CFL = 0.56716 J =100, N =10, AT = 0.08, AX = 0.12693, CFL = 0.56716
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Figure4.3: m =2, =09

J =100, N =1, AT =0.08, AX = 0.12693, CFL = 0.56716

J =100, N =10, AT = 0.08, AX = 0.12693, CFL = 0.56716
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-2

-3

Figure4.4: m =1, e = 0.9, Interval: x > 2

J =100, N =1, AT =0.15, AX = 0.25387, CFL = 0.53171
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Figure 4.5: m =1, € = 0.5, Interval: x > 2

J =100, N =5, AT = 0.15, AX = 0.25387, CFL = 0.53171 J =100, N =10, AT = 0.15, AX = 0.25387, CFL = 0.53171
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Figure 4.6: m = 2,e = 0.9, Interval: x > 4

J=100, N =1, AT = 0.15, AX = 0.25387, CFL = 0.53171 J =100, N = 10, AT = 0.15, AX = 0.25387, CFL = 0.53171
ar ar
3F 3
2t 2t

2 2°

_3, : : : . o

_4 Il Il Il Il Il Il Il Il Il Il _4 Il Il Il Il Il Il Il Il Il Il
4 6 8 10 12 14 16 18 20 22 24 4 6 8 10 12 14 16 18 20 22 24

J =100, N = 20, AT = 0.15, AX = 0.25387, CFL = 0.53171 J =100, N =30, AT = 0.15, AX = 0.25387, CFL = 0.53171

4ar ar

3t 3b

2t 2t

-3 -3

_4 Il Il Il Il Il Il Il Il Il Il _4 Il Il Il Il Il Il Il Il Il Il

4 6 8 10 12 14 16 18 20 22 24 4 6 8 10 12 14 16 18 20 22 24
J=100, N = 60, AT = 0.15, AX = 0.25387, CFL = 0.53171 J =100, N = 150, AT = 0.15, AX = 0.25387, CFL = 0.53171

ar ar

3t 3t

2F 2t

3 : . : : _3F

4 6 8 10 12 14 16 18 20 22 24 4 6 8 10 12 14 16 18 20 22 24



4.4. WELL-BALANCED FINITE VOLUME APPROXIMATION

137

Figure 4.7: m =2, e = 0.5, Interval: x > 4

J=100, N =5, AT = 0.15, AX = 0.25387, CFL = 0.53171

J =100, N =10, AT = 0.15, AX = 0.25387, CFL = 0.53171
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J =100, N =20, AT = 0.15, AX = 0.25387, CFL = 0.53171

4 6 8 10 12 14 16 18 20 22 24
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Figure 4.8: m =3, = 0.9, Interval: x > 6

J=100, N =1, AT = 0.15, AX = 0.25387, CFL = 0.53171 J =100, N = 10, AT = 0.15, AX = 0.25387, CFL = 0.53171
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Figure 4.9: m = 3, € = 0.5, Interval: x > 6

J=100, N =5, AT = 0.15, AX = 0.25387, CFL = 0.53171 J =100, N =10, AT = 0.15, AX = 0.25387, CFL = 0.53171
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Figure 4.10: m = 4, € = 0.5, Interval: x > 8

J =100, N =5, AT = 0.15, AX = 0.25387, CFL = 0.53171

J =100, N =10, AT = 0.15, AX = 0.25387, CFL = 0.53171
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Résumé

Lapremiere partie de ce travail de thése est consacrée al’étude de laméthode
de volumes finis pour les lois de conservation hyperboliques sur une variété.
Nous étudions tout d’abord une premiere approche qui nécessite 1’existence
d’une métrique lorentzienne. Notre résultat principal établit la convergence de
schémas de volumes finis du premier ordre pour une large classe de maillages.
Ensuite, nous proposons une nouvelle approche basée sur des champs de
formes différentielles. Dans ce travail, nous introduisons une nouvelle version
de la méthode de volumes finis, qui requiert uniquement la structure de n-
forme sur une variété de dimension (1 + 1).

La seconde partie porte sur les estimations d’erreur pour la méthode de vo-
lumes finis et sur la mise en oeuvre d’'un modele de fluides. Nous considérons
tout d’abord les lois de conservation hyperboliques posées sur une variété rie-
mannienne et nous établissons une estimation d’erreur en norme L! pour une
classe de schémas de volumes finis pour I'approximation des solutions entro-
piques du probleme de Cauchy. Nous étudions ensuite les équations hyper-
boliques posées sur un espace-temps courbe. En imposant que le flux vérifie
une propriété naturelle d’invariance de Lorentz, nous identifions une loi de
conservation unique a une normalisation preés, qui peut étre vue comme une
version relativiste de 1’équation classique de Burgers.

Abstract

The first part of this thesis is devoted to the study of finite volume methods
for conservation laws on manifolds. We study first an approach based on a
metric on Lorentzian manifolds. Our main result establishes the convergence
of monotone and first-order finite volume schemes for a large class of (space and
time) triangulations. Next, we consider another approach based on differential
forms. We establish a new version of the finite volume methods which only
requires the knowledge of family of n-volume form on an (n + 1)-manifold.

The second part is concerned with error estimates for finite volume me-
thods and the implementation of a model of relativistic compressible fluids.
We consider first nonlinear hyperbolic conservation laws posed on a Rieman-
nian manifold, and we establish an L!-error estimate for a class of finite volume
schemes allowing for the approximation of entropy solutions to the initial va-
lue problem. Next, we consider the hyperbolic balance laws posed on a curved
spacetime endowed with a volume form, and, after imposing a natural Lorentz
invariance property we identify a unique balance law which can be viewed as
a relativistic version of Burgers equation.



